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Many fruitful analogies have emerged between the theories of quantum
entanglement and thermodynamics, motivating the pursuit of an axiomatic
description of entanglement akin to the laws of thermodynamics. A

long-standing open problem has been to establish a true second law

of entanglement, and in particular aunique function that governsall
transformations between entangled systems, mirroring the role of entropy
in thermodynamics. Contrary to previous promising evidence, here we show
that thisisimpossible and that no direct counterpart to the second law of
thermodynamics can be established. This is accomplished by demonstrating
theirreversibility of entanglement theory from first principles. Assuming
only the most general microscopic physical constraints of entanglement
manipulation, we show that entanglement theory is irreversible under all
non-entangling transformations. We furthermore rule out reversibility
without significant entanglement expenditure, showing that reversible
entanglement transformations require the generation of macroscopically
large amounts of entanglement according to certain measures. Our results
not only reveal fundamental differences between quantum entanglement
transformations and thermodynamic processes, but also showcase a

unique property of entanglement that distinguishes it from other known
quantum resources.

Thermodynamics is perhaps the only physical theory that has with-
stood the several revolutions that have overturned the scientific par-
adigm since its inception. It started as a phenomenological theory
of heat engines, in which context the first and second laws were first
formulated, and has since evolved to encompass general relativity
and quantum mechanics. Arguably, its special status stems from its
meta-theoretic character: atits root, thermodynamicsis aframework to
decide which transformations a closed system can or cannot undergo,
independently of the underlying physics. Inaccordance with this view,
axiomatic approaches have played animportant role in the develop-
ment of thermodynamics, from the formulations of Clausius' and Kel-
vin®ofthe second law to the ground-breaking work of Carathéodory?,
Giles* and recently Lieb and Yngvason’. A key feature and strength of

these approachesis that only genericassumptions are made regarding
the physical laws that govern the systems under consideration. Early
statements of the second law posited the absolute physical impossibil-
ity of realising certain transformations, and already in the minds of Car-
not, Clausius and Kelvin were intended to hold equally well, for example,
for mechanical and electromagnetic processes>. Aremarkable success
of the axiomatic approachis to arrive at an abstract construction of
the entropy as the unique function S that encodes all transformations
between comparable equilibrium states: given two such states Xand
Y, X can be transformed into Y adiabatically if and only if S(X) < S(Y)
(refs. **). A logical consequence is that comparable states with the
same entropy must be connected by reversible transformations, for
example, Carnot cycles®.
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With the advent of quantum information science, the phenom-
enon of quantum entanglement emerged as a physical resource in
its own right’, enabling remarkable advantages in tasks such as com-
munication®°, computation" and cryptography'. The parallel with
thermodynamics prompted a debate concerning the axiomatisation
of entanglement theory” ¢ and the possible emergence of a single
entanglement measure, akin to entropy, which would govern all
entanglement transformations and establish the reversibility of this
resource™* '8, Although later results suggested that entanglement
may often be quite different from thermodynamics, even exhibiting
irreversibility in some of the most practically relevant settings*, hope
persisted for an axiomatic framework for entanglement manipulation
that would exactly mirror thermodynamic properties. Notably, identi-
fyinga unique entropic measure of entanglement was long known tobe
possible for the special case of pure states>?, and several proposals for
general reversible frameworks have been formulated'®***, The seminal
work of Brandao and Plenio?** then provided further evidence in this
direction by showing that reversible manipulation may” be possible
when the physical restrictions governing entanglement transforma-
tions are suitably relaxed. These findings strengthened the belief that
afully reversible and physically consistent theory of entanglement
could be established.

Here, however, we prove a general no-go result showing that entan-
glement theory is fundamentally irreversible. Equivalently, we show
from first principles that entanglement transformations cannot be
governed by a single measure, and that an axiomatic second law of
entanglement manipulation cannot be established.

Our sole assumptionis that entanglement manipulation by sepa-
rated parties should be accomplished by means of operations that make
the theory fully consistent, that is, that never transform an unentangled
systeminto an entangled one. This can be thought of as the analogue
in the entanglement setting of the Kelvin-Planck statement of the
second law, which in classical thermodynamics forbids the creation
of resources (work) from objects that are not resourceful themselves
(a single heat bath)??*. By imposing only this requirement, we dis-
pense with the need to make any assumptions about the structure of
the considered processes. For example, we do not even posit that all
intermediate transformations obey the laws of standard quantum
mechanics, as previous works implicitly did. Instead, we only look at
theinitial and final states of the system, and demand that no resource,
inthis case entanglement, is generated in the overall transformation.
This philosophy, hereafter termed ‘axiomatic’, is analogous to that
followed by the pioneers of thermodynamics (and more recently by
Lieband Yngvason®) to establish truly universal versions of the second
law. Such ageneral approach allows us to preclude the reversibility of
entanglement under all physically motivated manipulation protocols.

Importantly, however, our conclusions remain unaffected even
whenthe above assumptions are substantially relaxed. Itis intuitive to
askwhetherirreversibility could be avoided with just asmallamount of
generated entanglement, restoring the hope for reversible transforma-
tions in practice. We disprove such a possibility by strengthening our
result toshow that, with asuitable choice of an entanglement measure
suchasthe entanglement negativity?, itis necessary to generate macro-
scopically large quantities of entanglementin the process—any smaller
amount cannot break the fundamental irreversibility revealed in our
work. In particular, as we argue below, macroscopic entanglement
generation is the price one would have to pay in Brandao and Plenio’s
framework*** to restore reversibility.

The most surprising aspect of our findings is not only the stark
contrast with thermodynamics, but rather the fact that several other
quantum phenomena, including quantum coherence and purity, have
beenshown to bereversible in analogous axiomatic settings** and that
no quantum resource has ever been found to be irreversible under
similar assumptions. Our result is thus a first of its kind. It highlights
a fundamental difference between entanglement on one side, and

Fig.1| Asymptotic state conversion. An entanglement transformation protocol
allows us to obtain two copies of a target state w for every three copies of an initial
state p, with the transformation errorimproving as more copies of p are provided.
More generally, the initial global state is represented by an n-fold tensor product
p;?B", where p,;is adensity operator on some tensor product separable Hilbert
space H 4 ® Fp.In contrast with previous works, we do not assume that such
Hilbert space is finite dimensional. By means of some quantum operation

Az A"B? » A’"B'"thatactsonn copies of ABand outputs m copies of a
(different) bipartite system A’B’, the initial state will be transformed into

A (pj%" ) Givenadesired target state w?,’:;,, we thus require that the output state
of the protocol be almost indistinguishable from this target state operationally,
inthe sense that any attempt to discriminate them by means of a quantum
measurement should incur an error akin to that of arandom guess. By the
Helstrom-Holevo theorem***, this property can be captured mathematically by
imposing that the distance between the output of the transformation and the
target state, as quantified by the trace norm ||-||,, vanish asymptotically.
Therefore, by requiring that lim ||A(p§;) - %, | = 0, weguarantee that the
conversion ofp;?B" into wf,’g,will getincreasingly better with more copies of the
state p,zavailable, culminating in an asymptotically perfect transformation.

thermodynamics and all other quantum resource theories known to
date onthe other.

The generality of our approach allows for an extension of the
results beyond the theory of entanglement of quantum states, to the
manipulation of quantum operations®. This corresponds to the setting
of quantum communication, where theresource in considerationis the
ability to reliably transmit quantum systems. Importantly, thermody-
namics allows for the reversible manipulation of operations®, as well,
so anirreversibility of communication theory is, once again, in heavy
contrast to thermodynamics.

Entanglement manipulation

The framework of entanglement theory features two separated par-
ties, conventionally named Alice and Bob, who share a large number
ofidentical copies of a bipartite quantum state and wish to transform
them into as many copies as possible of some target state, all while
achieving a vanishingly small error in the asymptotic limit. We intro-
duce this settingin Fig. 1.

The figure of merit in transforming the input quantum state p
into atarget state wis the transformationrate R(p > w), defined as the
maximum ratio m/n that can be achieved in the limit n >  under the
condition that n copies of p are transformed into m copies of w with
asymptotically vanishing error. Such a rate depends crucially on the
set of allowed operations. In keeping with our axiomatic approach, we
consider the largest physically consistent class of transformations,
namely those that are incapable of generating entanglement and can
only manipulate entanglement already present in the system.

To formalise this, we introduce the set of separable (or unentan-
gled) states on a bipartite system AB, composed of all those states g,
that admit a decomposition of the form®-*
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Rl > w)=2/3

R(w = p)=3/2

Fig.2|Reversible interconversion between two states p and w. In this example,
inthe asymptotic many-copy limit itis possible to obtain two copies of w from
eachthree copies of p, and vice versa.

Ops = / 1) (@, ® |6) (@ (e, ), M

where i is an appropriate probability measure on the set of pairs of
local pure states. Our assumptionis that any allowed operation A should
transform quantum states on AB into valid quantum states on some
output system A’B’,in such a way that A(o,;) is separable for all sepa-
rable states 0,;. We refer to such operations as non-entangling
(NE). They are also known as separability preserving. Hereafter, all
transformation rates are understood to be with respect to this family
of protocols.

We say that two states p, w can be interconverted reversibly if
R(p > w)R(w ~> p) =1 (Fig. 2). However, to demonstrate or disprove
reversibility of entanglement theory as a whole, it is not necessary to
check all possible pairs p, w. Instead, we can fix one of the two states,
say the second, to be the standard unit of entanglement, the two-qubit

maximally entangled state (‘entanglement bit’) ®, := % Z?FI iy (i’

The two quantities E4(p) := R(p — &,) and E.(p) := R(D, — p)_1 are
referred to as the distillable entanglement and the entanglement cost
of p, respectively. Entanglement theory is thenreversible if £,(p) = E.(p)
for all states p.

Irreversibility of entanglement manipulation

By demonstrating an explicit example of a state that cannot berevers-

ibly manipulated, we will show that reversibility of entanglement theory

cannot be satisfied in general. We formalise this as follows.
Theoreml. Thetheoryofentanglement manipulationisirreversible

under Nb; operations. More precisely, for the two-qutrit state

ws = L350, (i) il ~ i ) it holds that

Ec(ws) = 1> Eq(w3) = log,(3/2). @

To show this result, we introduce a general lower bound on the
entanglement cost £, that canbe efficiently computed as asemi-definite
program. Our approach relies onanew entanglement monotone that
we callthe ‘tempered negativity’, defined through a suitable modifica-
tion of awell-known entanglement measure called the negativity”. The
situation described by Theorem 1is depicted in Fig. 3. The full proof
ofthe result is sketched in Methods section and described in detail in
Supplementary Notes I-III.

Why NE transformations?
The intention behind our general, axiomatic framework is to prove
irreversibility inasbroad asetting as possible. The key strength of this

Rlw; > @,) = log,(3/2)

R(®, > wy) =1

Fig.3|Irreversibility of entanglement manipulation. Our main resultin
Theorem1shows that the two-qutrit state w; cannot be reversibly manipulated
under NE transformations. We can extract only log, (3/2) ~ 7/12entanglement
bits per copy of w, asymptotically, but one full entanglement bit per copy is
needed to generate it. Theorem 1 can be strengthened and extended in several
ways, which we overview in Methods section and expound onin Supplementary
Notes IV-Vlas follows: (1) We show that irreversibility persists beyond NE
transformations. The conclusion of Theorem 1 holds even when we allow for the
generation of small amounts of entanglement (sub-exponential in the number of
copies of the state), as quantified by several choices of entanglement measures
such as the negativity or the standard robustness of entanglement*’. What this
means is that, to reversibly manipulate the state w,, one would need to generate
macroscopic (exponential) amounts of entanglement. (2) We furthermore show
that theirreversibility cannot be alleviated by allowing for a small, non-vanishing
error in the asymptotic transformation—a property known as pretty strong
converse’. (3) Finally, Theorem 1 can also be extended to the theory of
point-to-point quantum communication, exploiting the connections between
entanglement manipulation and communication schemes'**2, This is considered
in detail in a follow-up work®. These extensions further solidify the fundamental
character of the irreversibility uncovered in our work, showing that it affects both
quantum states and channels, and that there are no ways to avoid it without
incurring very large transformation errors or generating substantial amounts

of entanglement.

approach s that irreversibility under the class of NE transformations
enforces irreversibility under any smaller class of processes, which
includes the vast majority of different types of operations studied in the
manipulation of entanglement”®, Furthermore, our result shows that
evenenlarging the previously considered classes of processes cannot
enable reversibility, as long as the resulting transformations are NE.

To better understand the need for and the consequences of such
ageneral approach, let us compare our framework withanother com-
monly employed model, that where entanglement is manipulated by
means of local operations and classical communication (LOCC). In
this context, irreversibility was first found by Vidal and Cirac”. Albeit
historicallyimportant, the LOCC modelis built with abottom-up mind-
set, and rests on the assumption that the two parties can only employ
local quantum resources at all stages of the protocol. Already in the
early days of quantum information, it was realised that relaxing such
restrictions, for example by supplying some additional resources, can
lead toimprovementsin the capability to manipulate entanglement'®*,
Although attempts to construct a reversible theory of entanglement
along these lines have been unsuccessful'®*, the assumptions imposed
therein have left open the possibility of the existence of alarger class
of operations that could remedy the irreversibility.

Thelimitations of such bottom-up approaches are best illustrated
with a thermodynamical analogy: in this context, they would lead to
operational statements of the second law concerning, say, the impos-
sibility of realising certain transformations by means of mechanical
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processes but would not tell us much about electrical or nuclear pro-
cesses. Indeed, since we have no guarantee that the ultimate theory
of Nature will be quantum mechanical, it is possible to envision asitu-
ation where, for instance, the exploitation of some exotic physical
phenomena by one of the parties could enhance entanglement trans-
formations. To construct a theory as powerful as thermodynamics,
we followed instead a top-down, axiomatic approach, which—as dis-
cussed above—imposes only the weakest possible requirement on the
allowed transformations, thereby ruling out reversibility under any
physical processes.

The NE operations considered here are examples of ‘resource
non-generating operations’,commonly employed in the study of many
other quantumresource theories?. Inall of these other contexts, such
operations have always been shown to lead to the reversibility of the
given theory. For instance, Gibbs-preserving maps*** in quantum
thermodynamics are abroad, axiomatic formulation of the constraints
governing thermodynamic transformations of quantum systems analo-
gous to NE operations. Under such operations, the theory of thermody-
namics is known to be reversible®’. An equivalent result has also been
shown in the resource theory of quantum coherence®® %, suggesting
thatreversibility could be a generic feature in the manipulation of dif-
ferent resources under all resource non-generating transformations.
Our result, however, shows entanglement theory to be fundamentally
different from thermodynamics and from all other known quantum
resources: not even the vast class of all NE maps can enable reversible
entanglement manipulation. What this meansis that, under the exact
same assumptions that suffice to facilitate the reversibility of other
quantum resources, entanglement remainsirreversible.

Macroscopic entanglement generationis
necessary for reversibility

Asimilar axiomatic mindset to the oneemployed in our work has already
proved to be useful. Notably, it led Brandao and Plenio™?** to construct a
theory of entanglement that was claimed to be fully reversible. Recently,
anissue that casts some doubts on the validity of their mathematical
proof has transpired®. In spite of this, it remains a possibility that the
theory of entanglement proposed by Brandao and Plenio may actually
be reversible”, so let us discuss it here in detail. This theory features
so-called asymptotically NE operations, defined as those that may
generate some limited amounts of entanglement, provided that any
such supplemented resources are vanishingly smallin the asymptotic
limit. This, on the surface, appears consistent with how fluctuations
are treated in the theory of thermodynamics. However, the key ques-
tionto ask here is: according to what measure should one enforce the
generated entanglement to be small? Branddo and Plenio choose to
quantify entanglement with the generalised robustness®. Aswe argue
below, this a priori arbitrary choice turns out to be crucial to decide
betweenreversibility and irreversibility. That is, there are reasonable
entanglement measures using which reversibility only becomes pos-
sible at the price of exponential entanglement generation. Infact, even
aminor change of the quantifier from the generalised robustness to the
closely related standard robustness of entanglement® makes revers-
ibility impossible. This entails that Brandao and Plenio’s operations,
despite generating vanishingly little entanglement with respect to the
generalised robustness, create macroscopically large amounts of it
as quantified by other entanglement measures. We show that, in fact,
this is not simply an issue with the particular framework of Brandao
and Plenio®?** but rather a fundamental property of entanglement
theory: any attempt to achieve reversibility must necessarily lead to
macroscopic entanglement generation.

To make this precise, consider a modified version of asymptotic
entanglement manipulation. As previously, given n copies of aninitial
state p,;, we want to transform theminto m copies of atarget state w4 g/
with asymptotically vanishing error. To define the set of allowed trans-
formations, based on Brandao and Plenio’s approach?, we fix an

entanglement measure M and consider all those transformations A,
on n copies of the system AB that are (M, §,)-approximately NE, in the
sense that M (A,(04qp0)) < 6, for all separable states g4.g:, Wwhere the
numbers §, quantify the magnitude of the entanglement fluctuations
at each step of the process. The maximum ratio m/n that can be
achieved in the limit n >  determines the transformation rate under
these operations. The modified notion of distillable entanglement,
denoted E, Nl (p),isthendefined by choosing the maximally entan-

gled bit ®,asthe target state, and analogously the modified entangle-
mentcost £_ NEY (p)corresponds to the transformation from @,toa
nin

given state p. By choosing a suitable measure of entanglement and
setting 6,= 0 for all n, we recover our original definition of NE
transformations.

The problem of choosing what measure M to employ has no
straightforward solution, as it is well known that there are many
asymptotically inequivalent ways to quantify entanglement’. Hence,
constraining one such measure cannot guarantee that the supple-
mented entanglementis truly smallaccording to allmeasures. Froma
methodological perspective, this arbitrarinessis problematic: resource
quantifiers should be endowed with an operational interpretation by
means of atask defined in purely natural terms. Presupposing a particu-
lar measure and using it to define the task in the first place makes the
framework somewhat contrived and does not take into consideration
what happens when a different monotone is used.

Indeed, the choice of Mturns out to be pivotal. Brandao and Ple-
nio’s main result®*?* claims® that, with the specific choice of Mbeing
the generalised robustness of entanglement®’, entanglement can be
manipulated reversibly evenif we take §, > O asn > «. Instark contrast,
we now show that a completely opposite conclusion is reached when
Mistaken to be either the standard robustness® or the entanglement
negativity”.

Theorem 2. The theory of entanglement manipulation is irrevers-
ibleunderoperations that generate sub-exponential amounts of entan-
glement according to the negativity N or the standard robustness Rs.
Specifically, if M= N or M = R, ,then for any sequence (6,,), such that
6,=2° it holds that

EC,NE%R)" (w3)=1> Ed’NEgsn),, (w3) = log,(3/2). 3)
Comparing this with Brandao and Plenio’s conclusion, we can
observe that the operations employed there may only hope to achieve
reversibility by generating exponential amounts of entanglement, as
measured by either the negativity or the standard robustness.
Wesstressthat thereis no a priori operationally justified reason to
prefer the generalised robustness over the other monotones. If any-
thing, the most operationally meaningful monotones to select here
wouldbe those defined directly in terms of practical tasks, such as the
entanglement cost E_ itself. However, following this route actually
trivialises the theory?*, entailing that different choices of monotones
need to be employed to give meaningful results. Even between the
generalised robustness (as employed by Brandao and Plenio) and the
standard robustness R;, it is actually the latter that admits a clearer
operational interpretation in this context. R quantifies exactly the
entanglement cost of astate in the one-shot setting*®, when asymptotic
transformations are not allowed. These ambiguities in the choice of a
‘good’measure, and the vastly disparate physical consequences of the
different choices, put the physicality of the reversibility result claimed
by Brandao and Plenio”** into question: why should one such frame-
work be considered more physical than the other, irreversible ones?
Importantly, since the core concept of separability is independ-
ent of the particular choice of a measure, our axiomatic assumption
of strict no entanglement generation bypasses the above problems
completely. It removes the dependence on any entanglement measure
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and ensures that the physical constraints are enforced at all scales,
therefore yielding an unambiguously physical model of general entan-
glement transformations. However, should such a requirement be
considered toostrict, our Theorem2shows thatirreversibility of entan-
glementis robust to fluctuationsin the generated resources.

Let us also point out that the assumptions of Brandao and Plenio
(and of Theorem 2) are in fact more permissive than those typically
employed in quantum thermodynamic frameworks***>, where one
usually allows fluctuations in the sense of the consumption of small
ancillaryresources, but not fluctuations in the very physical laws gov-
erning the process. In a thermodynamic sense, entanglement trans-
formations under approximately NE maps could be compared to the
manipulation of systems under transformations that do not conserve
the overall energy—a relaxation that would go against standard axi-
omatic assumptions**?, Importantly, nosuch ‘unphysical fluctuations
are necessary to establish the reversibility of thermodynamics®*** or
other known quantum resources®®. We direct the interested reader to
Supplementary Note V, where we discuss different notions of resource
fluctuations in more detail.

Discussion

Our results close amajor open probleminthe characterisation of entan-
glement* by showing thatareversible theory of this resource cannot be
established under any set of ‘free’ transformations that do not generate
entanglement.Indeed, from our characterisation, we can conclude not
only that entanglement generation is necessary for reversibility, but
also that macroscopically large amounts of it must be supplemented.
This shows that the framework proposed by Brandao and Plenio®***
is effectively the smallest possible one that could allow reversibility,
although only at the cost of substantial entanglement expenditure.

That the seemingly small revision of the underlying techni-
cal assumptions we advocated by enforcing strict entanglement
non-generation can have such far-reaching consequences, namely
precluding reversibility, is truly unexpected. In fact, as remarked
above, the opposite of this phenomenon has been observedinanum-
ber of fundamentally important quantum resource theories, where
the set of all resource non-generating operations suffices to enable
reversibility. It is precisely the necessity to generate entanglement
in order to reversibly manipulate it that distinguishes the theory of
entanglement from thermodynamics and other quantum resources.
This fundamental difference contrasts not only with the previously
established information-theoretic parallels, but also with the many
links that have emerged between entanglement and thermodynamics
in broader contexts such as many-body and relativistic physics* ™.
It then becomes an enthralling foundational problem to understand
what makes entanglement theory special inthis respect, and whereits
fundamentalirreversibility may come from. Additionally, the axiomatic
theory of entanglement manipulation delineated here leaves several
outstanding follow-up questions. For instance, it would be very inter-
esting to understand whether a closed expression for the associated
entanglement cost canbe established, and whether the phenomenon
of entanglement catalysis”*® can play arole in this setting.

Weremark that therecently identified gap in Brandao and Plenio’s
proof®, which came to light after this work was completed, does not
affect our results or conclusions in any way, since the methods that
we use are independent of those in refs. 2***, Our main finding—that
of entanglement irreversibility under NE operations—is complemen-
tary to the result of Brandao and Plenio®?, as discussed above and in
Supplementary Notes IV and V. This recent development does, how-
ever, rekindle the question of whether entanglement can be reversibly
manipulated whatsoever*’, eveninamore permissive framework such
as Brandao and Plenio’s.

In conclusion, we have highlighted a fundamental difference
between the theory of entanglement manipulation and thermody-
namics, proving that no microscopically consistent second law can be

established for the former. Atits heart, our work reveals aninescapable
restriction precipitated by the laws of quantum physics—one that has
noanaloguein classical theories and that was previously unknown even
within the realm of quantum theory.
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Methods
In the following, we sketch the main ideas needed to arrive at a proof
of our main resultin Theorem1and extensions thereof.

Asymptotic transformation rates under NE operations

We start by defining rigorously the fundamental quantities we are
dealing with. Given two separable Hilbert spaces #¢ and %’ and the
associated spaces oftrace class operators 7 (#)and 7(#"), alinear map
A T(H) - T(J¢")is said to be positive and trace preserving if it trans-
forms density operators on J¢ into density operators on #¢". As is well
known, physically realisable quantum operations need to be com-
pletely positive and not merely positive®>. While we could enforce this
additional assumption without affecting any of our results, we
will only need to assume the positivity of the transformations, estab-
lishing limitations also for processes more general than quantum
channels.

Since we are dealing with entanglement, we need to
make both 7 and 7’ bipartite systems. We shall therefore assume
that 7 =9, ® #z and %' =%, ® Hp have a tensor product
structure. Separable states on AB are defined as those that admita
decompositionasinequation (1). A positive trace-preserving operation
A T(Hy ® Hp) = T(Hyu ® Hg ), which we shall denote compactly
as Aup_45, 1S said to be NE or separability preserving if it transforms
separable states on ABinto separable stateson A’'B’. We will denote the
set of NE operations fromABto A'B’as NE(AB — A'B’).

The central questions in the theory of entanglement
manipulation are the following. Given a bipartite state p,; and a set
of quantum operations, how much entanglement can be extracted
from p,;? How much entanglement does it cost to generate p,; in the
first place? The ultimate limitations to these two processes, called
entanglement distillation and entanglement dilution, respectively,
are well captured by looking at the asymptotic limit of many copies.
As remarked above, this procedure is analogous to the thermody-
namiclimit. The resulting quantities are called the distillable entangle-
ment and the entanglement cost, respectively. We already discussed
their intuitive operational definitions, so we now give their
mathematical forms:

Eq(pyp) :=supiR>0: lim inf
n=>00 \, eNE(AnBn AR B

(o) -08™], -

of.
“)

-

©)

E.(pyp) :=inf{R>0: lim inf
n—oo A, eNE(AL" B —Angn)

A (03) =

Here, A"B" is the system composed by n copies of AB, A,B, denotes a
fixed two-qubit quantum system, and ®, = |®,)(®,|, with |®,) =
% (/00) + |11)), is the maximally entangled state of A,B,, also called
the ‘entanglement bit’".

One question that could be raised at this point is: is our defini-
tion of transformation rates not too restrictive? Such a reservation
could be motivated by the fact that, for example, in the resource theory
of quantum thermodynamics, employing only energy-conserving
unitary transformations is known to be insufficient to achieve
general transformations®*. To avoid this issue, additional resources
are provided in the form of ancillary systems composed of a
sublinear number of qubits, allowing one to circumvent the restric-
tions of energy conservation without affecting the underlying phys-
ics**. Such an approach can be adapted to more general resources™.
In our setting, however, this is already implicitly included in the defi-
nition of E;and E,, since such ancillary systems can be absorbed into
the asymptotic transformation rates. That is, we could have equiva-
lently defined

Eq(pag) :=

supIR >0: lim et inf e HCAIAR S 01,
(6)

Ec(pap) 1=

inf{R >0: lim R ;gﬂfwﬁw) LA (@™ @) - p%] = oI,

@)

where (z,), are arbitrary (possibly entangled) systems such that
dimt, = 2°®, The rates are not affected by the addition of such an
ancilla, sinceits sub-exponential size means thatany contributions to
therate due to 7, will vanish asymptotically. This is addressed in more
detailin Supplementary Note V.

The mainidea: tempered negativity

Let us commence by looking at a well-known entanglement measure
called the logarithmic negativity*””. For a bipartite state p,,, this is
formally defined by

Ex(pas) = log, |y (8)

1

Here, I denotes the partial transpose, that is, the linear map
I T(H, ® Hp) — B(H, ® Hp), Where B(¥, ® Hg) is the space of
bounded operators on %,®%, that acts as
I'X,®Yy) =X, ®Yp)" :=X, ® V!, withsuperscript ‘7’ denoting trans-
position with respect to a fixed basis, and is extended by linearity and
continuity to the whole 7(7¢, ® 7¢g) (ref. *®). It is understood that
En(p,5) ==if pl isnotoftrace class. Remarkably, the logarithmic nega-
tivity does not depend on the basis chosen for the transposition. Also,
since o7, is a valid state for any separable g, (ref. *®), this measure

B
vanishes on separable states, that is,

04 is separable = ||0f‘;||1 =1= E\(o43)=0. 9)

Given a non-negative real-valued function on bipartite states £
that we think of as an ‘entanglement measure’, when can it be used to
give bounds on the operationally relevant quantities E;and E.? It is
often claimed that, for thisto be the case, F should obey, among other
things, aparticular technical condition known as asymptotic continu-
ity. Since a precise technical definition of this term is not crucial for
this discussion, it suffices to say that it amounts to a strong form of
uniform continuity, in which the approximation error does not grow
too large in the dimension of the underlying space. While asymptotic
continuity is certainly a critical requirement in general’, it is not
always indispensable'””*°"%3, The starting point of our approachis the
elementary observation that the logarithmic negativity E, forinstance,
is not asymptotically continuous, yet it yields an upper bound on the
distillable entanglement”. The former claim can be easily understood
by casting equation (8) into the equivalent form

Ex(ps) = log, sup{TrXp : ”xF”oo < 1}, 10)

where || Z|, := sup,, IZ|y)| is the operator norm of Z, and the supre-
mumis taken over all normalised state vectors |¢). Since the tracenorm
and the operator normare dual to each other, the continuity of £y with
respecttothetrace normis governed by the operator normof Xinthe
optimisationinequation (10). However, while the operator norm of X"
isatmost1, thatof Xcan onlybeboundedas|| X||, < d”XF | < d,where
d := min{dim(J¢,), dim(7(p)} is the minimum of the local dimensions.
This bound is generally tight. Since d grows exponentially in the
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number of copies, it implies that Ey is not asymptotically
continuous.

But then why is it that Ey still gives an upper bound on the distill-
able entanglement? A careful examination of the proof by Vidal and
Werner” (see the discussion surrounding equation (46) therein) reveals
that this is only possible because the exponentially large number d
actually matches the value taken by the supremum in equation (10)
on the maximally entangled state, that is, on the target state of the
distillation protocol. Let us try to adapt this capital observation to
our needs. Since we want to employ a negativity-like measure to lower
bound the entanglement cost instead of upper bounding the distillable
entanglement, we need a substantial modification.

Theabove discussioninspired our mainidea. Let us tweak the vari-
ational programin equation (10) by imposing that the operator normof
Xbe controlled by the final value of the programiitself. The logic of this
reasoning may seem circular at first sight, but we will see thatitis not so.
For two bipartite states p,5, w45, We define the tempered negativity by

N.(plw) := sup{TrXp S| osvxg = Ter}, a
N(p) := N.(plp), 12)

and the corresponding tempered logarithmic negativity by
EL(p) :=log,N,(p). (13)

This definition encapsulates the above idea of tying together the value
of the function and its continuity properties, and indeed will turn out
toyield the desired lower bound on the entanglement cost. Note the
critical fact that, in the definition of N (p), the operator norm of Xis
given precisely by the value of N,(p) itself.

Properties of the tempered negativity

The tempered negativity NV,(p|w) given by equation (11) can be com-
puted as a semi-definite program for any given pair of states p and w,
which means that it canbe evaluated efficiently (in time polynomialin
the dimension®*). Moreover, it obeys three fundamental properties,
the proofs of which can be found in Supplementary Note II. In what
follows, the states p,;, w4z are entirely arbitrary.

(a) Lower bound on negativity: ”pl””1 > N,(p|w), and in fact
o7, = supy Netole.
(b) Super-additivity:

N.(p®") > N.(0)", E5(0®") > nEg(p). 14)

(c) The‘e-lemma”:

Slp =0l <€ = N(plw) 2 (- 20N, (@). 1s)

The tempered negativity, just like the standard (logarithmic) negativ-
ity,ismonotonic under several sets of quantum operations commonly
employed in entanglement theory, such as LOCC or positive partial
transpose operations®, but not under NE operations. Quite remarkably,
it still plays akeyrolein our approach.

Sketch of the proof of Theorem 1
To prove Theorem 1, we start by establishing the general lower bound

Ec(pap) > E\(Pan) (16)

ontheentanglement cost of any state p,; under NE operations. To show
theinequality (16), let R > 0 be any number belonging to the setin the
definition of £ in equation (5). In quantum information, this is known

as an achievable rate for entanglement dilution. By definition, there

exists a sequence of NE operations A, e NE(A" B — A"B") such

that ¢, := %‘An (dﬁzmm)—p@’"u - 0, where we used the notation
1n—-oc0

by = é Zt‘i,‘:l iy jj| for a two-qudit maximally entangled state, and

observed that o9 = &
A key step in our derivation is to write ®,—which is, naturally, a
highly entangled state—as the difference of two multiples of separable
states. (In fact, this procedure leads to the construction of a related
entanglement monotone called the standard robustness of entangle-
ment”. We consider it in detail in the Supplementary Information.) It

haslongbeen known that this can be done by setting
1+dd,

o 1= —do. —(d—
o, = d(d+1)’0"_ d2_1,¢d—da+ (d-1o_.

(17)

where 1stands for the identity on the two-qudit, d’>-dimensional Hilbert
space. Crucially, both g, are separable®. Applying a NE operation A
actingonatwo-quditsystemyields A(®,) = dA(o,.) — (d — 1)A(o_) Since
A(o,) are again separable, we can then employ the observation that
o

triangle inequality for the trace norm, and conclude that

|1 = 1for separable states (recall equation (9)) together with the

|a@an” ||1 <2d-1. @1s)

We are now ready to present our main argument, expressed by
the chain of inequalities

18
2R+l _ 1 (Z) ’

An(@zen)” |,

(a)

> N, (A (Dyrar) | pB7)
(©)

> (1-2€,)N, (p®")

Q) n
> (1-2¢,)N.(p)",

derived using the inequality (18) together with the above properties
(a)-(c) of the tempered negativity. Evaluating the logarithm of both
sides, diving by nand taking thelimitn > « gives R > £ (p). Aminimisa-
tion over the achievablerates R > O thenyields inequality (16), accord-
ing to the definition of E.in equation (5).

We now apply inequality (16) to the two-qutrit state

1 1 13
_1p 1y 1 L
@z = 3Pa= 3 = g 2, (D=,

(19)
whereP; := 2,11 |ii) (il Tocompute its tempered logarithmic negativity,
we construct an ansatz for the optimisation in the definition in
equation (11) of N, by setting X3 := 2P; — 3®, Sinceit is straightforward
to verify that ||x3f =1and | Xs]|, = 2 = TrX;w,, thisyields

Ec(w3) > E{(w3) 2 1. (20

In Supplementary Note Ill, we show that the above inequalities are in
factall equalities.

It remains to upper bound the distillable entanglement of w,. This
canbe doneby estimatingits relative entropy of entanglement®, which
quantifiesits distance from the set of separable states as measured by
the quantum relative entropy®®. Simply taking the separable state P;/3
asanansatz shows that

3

Eq(w3) < logzi, 21
and once again this estimate turns out to be tight. Combining the
inequalities (20) and (21) demonstrates a gap between £, and E,, thus
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proving Theorem1ontheirreversibility of entanglement theory under
NE operations.

Consequences and further considerations

Our results explicitly show that there cannot exist asingle quantity that
governs asymptotic entanglement transformations, thus ruling out a
second law of entanglement theory under NE operations. Specifically,
itisalready known that, were such a quantity to exist, it would have to
equal the regularised relative entropy of entanglement £ (refs. ™).
But then consider the fact that £ (0$?) = 2while, as we show in Sup-
plementary Note Ill, £ (w%°) = 3log, > ~ 175. Thus, if the second law
held, then from two copies of ®, one should be able to obtain three
copies of w;. But Theorem 1 explicitly shows that only two copies of w,
can be obtained from two copies of ®,.

An interesting aspect of our lower bound on the entanglement
costintheinequality (20) isthat it can therefore be strictly better than
the (regularised) relative entropy bound. Previously known lower
bounds on entanglement cost that can be computed in practice are
actually worse than the relative entropy***°, which means that our
methods provide a bound that both is computable and can improve
on previous approaches.

As a final remark, we note that, instead of the class of NE
(separability-preserving) operations, we could have instead consid-
ered all positive partial transpose-preserving maps, which are defined
asthosethatleaveinvariant the set of states whose partial transpose is
positive. Within this latter approach, we are able to establish an analo-
gousirreversibility result for the theory of entanglement manipulation,
recovering and strengthening the findings of Wang and Duan®. Explicit
details are provided in the Supplementary Information.

Necessity of macroscopic entanglement generation
In Theorem 2, we strengthen the result of Theorem 1 further by con-
sidering operations that are not required to be NE but only approxi-
mately so, allowing for the possibility of microscopic fluctuations
in the form of small amounts of entanglement being generated. As
discussed inthe main text, this mirrors the approach takenby Brandao
and Plenio®*, where reversibility of entanglement was claimed under
similar constraints. The reason we call that framework into question
is that the entanglement generated by the ‘asymptotically NE maps’
employed there, despite being small when quantified by the general-
ised robustness, canactually be very large when gauged with another
measure, suchasthe standard robustness or the negativity. Instead of
demonstrating this with an explicit example, we prove an even stronger
statement, namely that irreversibility must persist if the generated
entanglement is required to be small with respect to these other meas-
ures. It follows logically that any claimed restoration of reversibility
requires macroscopic entanglement generation in the process.
Tothisend, as described in the main text, we consider asequence
of operations A, which are (M, 6,)-approximately NE, in the sense that

0y is separable = M(A,(04p)) < 6, (22)

where (6,),cy € R,isasequence governingtherestrictions on entangle-
ment generation, and M is a choice of an entanglement measure. We
denote the above class of operations as NE%")H, and the associated
distillable entanglement and entanglement costas Eqner and Eenet
respectively. Our irreversibility result applies to the cases whenh
either M(p) = N(p) := % ((ﬂpfnl - 1§ is the negativity”” (whose logari
thmic version we already encountered in equation (8)), or M =R}
is the standard robustness of entanglement®, defined by
Ri(p) :=inf{r> 0 : Iseparablestateo : p + roseparable}. Compare this
with Brandio and Plenio’s choice of the generalised robustness, given
by R&(p) :=inf{r> 0 : Astateo : p + roseparable}. The only difference
between the latter two expressions is whether or not g is required to
beseparable.

Theorem 2 then tells us that, as long as the generated entangle-
ment stays sub-exponential accordingto M = Nor M = RS, thenirrevers-
ibility persists. The key step in proving this result is an approximate
monotonicity of the two measures under all (M, §,,)-approximately NE
operations. Specifically, we can show that, under the application of
any mapA,satisfying (22), the corresponding measure cannotincrease
by morethanafactor O(1+6,). Butif §,=2°®, then any such additional
term will vanish in the limit n > e, meaning that the basic idea of our
proofof Theorem1canbe applied almost unchanged, as the asymptotic
bounds will not be affected by (M, 6,) entanglement generation.
A full discussion of the proof and the requirements on entanglement
creation required to achieve reversibility can be found in
Supplementary Note IV.

This contrasts with the result claimed by Brandao and Plenio
There, choosing as Mthe generalised robustness Ris conjectured®to
yield full reversibility of the theory. In support of this conjecture, note
that, due to Brandao and Plenio’s result concerned with entanglement
dilution—whose proofis not affected by the aforementioned issue*—
theentanglementcostofanarbitrarystate under (Rg, 6n}approximately
NE operations, with 5, — 0, coincides with its regularised relative
entropy of entanglemenit. Th the case of ws, this equals log,(3/2), which
matches its distillable entanglement. Therefore, while we still lack a
general proof of reversibility that holds for all states, at least w; is a
reversible state under Brandao and Plenio’s asymptotically NE opera-
tions, provided that one makes the choice M = R,

However, modifying this choice ever so slightly by picking the
standard instead of the generalised robustness shatters reversibility
altogether. The choice of the measure in (22) is, for all intents and
purposes, afree parameter, and—as we just showed—acrucial one, on
which the conclusion hinges. This ambiguity is precisely why no one
framework of this type can be deemed more physical than another.
There does not appear to be areason to consider M = R€abetter moti-
vated choice than M = RS, Due to the inability to unambiguously define
asensible notion of ‘small’ entanglement, especially when the macro-
scopic limitisinvolved, we thus posit that the only way to enforce fully
physically consistent manipulation of entanglement is to forbid any
entanglement generation whatsoever, as we have donein our approach
based on NE operations.

23,24

Extension to quantum communication

The setting of quantum communication is a strictly more general
framework in which the manipulated objects are quantum channels
themselves. Specifically, consider the situation where the separated
parties Alice and Bob are attempting to communicate through a
noisy quantum channel A : 7(%,) — 7(¥¢g). To every such channel we
associate its Choi-Jamiotkowski state, defined through the application
of the channel A to one half of a maximally entangled state:
Ja :=idg ® A](®4), whereid,denotes theidentity channeland dis the
local dimension of Alice’s system, assumed for now to be finite.
Suchastate encodesall the information about agiven channel”®”". The
parallel with entanglement manipulation is then made clear by
noticing that communicating one qubit of information is equivalent
to Alice and Bob realising a noiseless qubit identity channel, id,.
But the Choi-Jamiotkowskioperator J,4,is just the maximally entangled
state @,, so the process of quantum communication can be understood
as Alice and Bob trying to establish a ‘maximally entangled state’
in the form of a noiseless communication channel. The distillable
entanglement in this setting is the (two-way assisted) quantum
capacity of the channel', corresponding to the rate at which maximally
entangled states can be extracted by the separated parties, and there-
fore the rate at which quantum information can be sent through the
channel with asymptotically vanishing error. In a similar way, we can
consider the entanglement cost of the channel®, that is, the rate
of pure entanglement that needs to be used to simulate the
channelA.
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We sketch the basicideahere, asitis very similar to the approach
we took for quantum states above. The complete details of the proof
in the channel setting will be published elsewhere?.

The major difference between quantum communication and the
manipulation of static entanglement arises in the way that Alice and
Bob canimplement the processing of their channels. Having access to
ncopies of aquantum state p,; is fully equivalent to having the tensor
product p&'atone’s disposal, but the situation is more complexwhen
nuses of a quantum channel A are available, as they can be exploited
in many different ways: in parallel as A®", or sequentially, where the
output of one use of the channel can be used to influence the input to
the subsequent uses, or evenin more general ways that donot need to
obey a fixed causal order between channel uses, and can exploit phe-
nomenasuchassuperposition of causal orders’>”*. This motivates us,
once again, to consider a general, axiomatic approach that covers all
physically consistent ways to manipulate quantum channels, as long
as they do not generate entanglement between Alice and Bob if it was
not presentinthefirst place. Specifically, we will consider the following:
GivennchannelsA,, ...A,, we define an n-channel quantum process to
be any n-linear map r'such that ¥(4,, ..., A,) is also a valid quantum
channel. Now, channels ,,; such that J-is separable are known as
entanglement-breaking channels™. We define a NE process to be one
such that x(I, ..., I,) is entanglement breaking whenever I, ..., I, are
all entanglement breaking.

The quantum capacity Q(A) is then defined as the maximum rate
R at which NE n-channel processes can establish the noiseless com-
munication channel id®"*"'when the channel Ais used ntimes. Asinthe
case of quantum state manipulation, the transformation error here is
only required to vanish asymptotically. Analogously, the (parallel)
entanglement cost £.(A) is given by the rate at which noiseless identity
channels id, are required in order to simulate parallel copies of the
given communication channel A.

The first step of the extension of our results to the channel set-
ting is then conceptually simple: we define the tempered negativity
ofachannel as

EL(A) :=sup Ey ([idg ® A] (). (23)
P

wherethesupremumisoverallbipartite quantumstates p € 7(J¢, ® (4)
ontwo copies of the Hilbert space of Alice’s system. A careful extension
ofthe arguments we made for states—accounting in particular for the
more complicated topological structure of quantum channels—can
be shown® to give

Ec(A) 2 Ey(A) (24)

foranyA: A > B, whether finite or infinite dimensional. For our example
of anirreversible channel, we will use the qutrit-to-qutrit channel Q,
whose Choi-Jamiotkowski state is w;, namely

3

0 = EA—%idg, 25)

where A() = Zle iy (il - i) (i|is the completely dephasing channel. Our
lower bound (24) on the entanglement cost then gives
Ec(£23) > E(£23) > Ef(w3) > 1.To upper bound the quantum capacity of
0,, several approaches are known. If the manipulation protocols we
consider wererestricted to adaptive quantum circuits, we could follow
established techniques'®”’® and use the relative entropy to obtain a
bound very similar to the one we employed in the state case (equation
(21)). However, to maintain full generality, we will instead employ a
recent result®® showing that an upper bound on Qunder the action of
arbitrary NE protocols—not restricted to quantum circuits, and not
required to have a definite causal order—is given by the max-relative
entropy’’ between achannel and all entanglement-breaking channels.

Using the completely dephasing channel A as an ansatz,
we then get

Q23) < log,3 <1< Ec(2y), 26)

establishing the irreversibility in the manipulation of quantum chan-
nels under the most general transformation protocols.
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