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ARTICLE INFO ABSTRACT

Editor: Lilia Woods Traditional microscopic studies of phase transitions are mostly performed on the discretized lattices living in the

spatial dimensions less than three, whereas higher-dimensional cases have been much less explored. Here we

I;I;iZCd explore the realization of one quantum phase transition on the four-dimensional complex projective space CP?

03.65.Ud geometry. We propose a computationally efficient phenomenological modeling framework based on Landau level

05.30.Pr regularization. As a first demonstration, we construct a microscopic model that realizes a spontaneous symmetry-

« i breaking phase transition belonging to the (4 + 1)D Ising universality class. Our numerical results confirm that the
eywords:

finite-size scaling of the order parameter is consistent with the Landau theory expectation. The present approach

Quantum phase transition can be generalized to study various other universality classes, opening a route toward systematic investigations

Landau level projection
Higher dimension

of phase transitions on higher-dimensional manifolds.

1. Introduction

While our physical world is three-dimensional, many interesting
and important mathematical theories are defined in higher dimensions.
Studying such higher-dimensional theories is not merely a formal gen-
eralization, instead it helps to chart the intrinsic landscape of the theory
itself, uncover universal principles, identify its limitations, and forging
indispensable connections to broader structures in theoretical physics
and pure mathematics. Famous examples include the supersymmetric
Yang-Mills theory in the spacetime dimension equal to four [1] and five
[2,3], as representative examples.

Traditionally, these higher-dimensional theories are extremely chal-
lenging to study in a non-perturbative and microscopic way, primarily
due to the limited computational resources available. Consider conven-
tional lattice simulations: the Hilbert space dimension typically grows
exponentially with the system size L. As a concrete example, for the
(4+1)-D transverse Ising model, exact diagonalization is essentially
restricted to L =2 (corresponding to the number of lattice sites N =
L* = 16), equivalent to only two lattice sites in each spatial direction.
For L = 3, where N = L* = 81, the problem becomes completely out of
reach. This is the main reason that, it is still lacking of a microscopic
simulation of quantum models on (4+1)-D or higher dimensions, to
our best knowledge. In this sense, straightforward lattice simulations
in higher dimensions are not practical, and it is therefore desirable to
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develop some alternative approaches for modeling quantum systems in
higher-dimensional spaces.

Very recently, it has been proposed to study the critical field theories
on the fuzzy two-sphere geometry (here the two-sphere S? is equiva-
lent to the complex projective space CP! manifold). So far various crit-
ical field theories have been studied, including Ising and O(N) Wilson-
Fisher universality classes [4-7], Lee-Yang universality class [8-10],
Potts model [11], free boson theory [12,13], deconfined quantum crit-
icality [14-17], QED-Chern-Simons theory [18], surface criticality and
defect criticality [19-22], just to name a few. The key idea involved
here is based on the Landau level quantization scheme on the two-
sphere or CP! manifold [23].In addition, Landau quantization can also
be formulated on the four-dimensional S* geometry as shown by Hu
and Zhang [24], on the complex projective space CP? by D. Karabali
and V.P. Nair, and more generally on CP¥ in arbitrary even dimensions
[25,26]. It is therefore natural to ask whether a similar Landau level
projection strategy can be employed to investigate critical theories in
higher-dimensional spacetime.

In this work, mainly motivated by the recent progress on the simu-
lation of quantum phase transitions on the two-sphere geometry (equiv-
alent to the complex projective space CP! manifold) via the projected
Hamiltonian method, we explore the realization of quantum critical the-
ory on the CP? geometry which is (4 +1)-D. Our key step is to utilize
the Landau level projection which greatly truncates the Hilbert space but
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keeps all the symmetries of the geometric CP? space. As a first example,
we construct a (4+1)-D quantum Ising transition on a CP? manifold.
We use exact diagonalization(ED) and density-matrix renormalization
group(DMRG) to simulate different system sizes with up to 28 effective
spins. By using finite-size scaling method we verify the Landau-Ginzburg
theory. Our results offer a new path for simulation of phase transitions
in higher space-time dimensions.

This paper is organized as follows. In Section 2.1, we review the
background knowledge including the quantized Landau level and corre-
sponding single particle wavefunction on CP? space in the presence of
U (1) magnetic field. In Section 2.2, we discuss the case of spinless many-
body fermion systems with fractional filling and two-body interactions
which are formulated on CP? Landau levels. In Section 3.1, we propose
a model to realize the (4 +1)-D Ising transition on CP? space. In Sec-
tion 3.2, we describe the numerical methods employed. In Section 3.3,
we apply the finite-size scaling analysis to determine the corresponding
critical point and critical exponents. At last, summary and discussion
are provided in Section 4.

2. Review of background

In the QHE, the energies of electrons moving under a magnetic
field are quantized into discrete values known as Landau levels. Hal-
dane [23], together with the earlier foundational work by Wu and Yang
[27,28], constructed Landau levels on a spherical manifold(S? is equiv-
alent to CP') with a U(1) monopole and applied it to the fractional
quantum Hall problem. In this section, we focus on the lowest Lan-
dau level(LLL) states on the 4-dimensional geometry CP? with U(1)
monopole following the discussions in Ref [25,26,29-31], which can
be generalized on CP¥ spaces. In this paper, the general results for CP*
geometry are summarized in Appendix A, and the main text focuses on
the CP? case in greater detail. In the following, we take A = ¢ = e = 1.

2.1. CP? Landau levels and the lowest Landau level projection

The complex projective space CP? is a 4-dimensional manifold that
can be expressed as the coset space
op2= VS

SUR)xU(1)
This geometric structure naturally supports background gauge fields
with U(1) or SU(2) symmetry.

The symmetry group of CP? is SU(3) which has 8 generators [32]:

@

0 1 0 0 —i 0 1 0 0
A=t o of AL=|i o o i={o -1 o
0 0 0 0 0 0 0 0 0
0 0 1 0 0 —i 0 0 0
=0 0o of i=l0 0o o] i=|0 o 1} 2
1 0 0 i 0 0 0 1 0
0 0 0 (L0 o
=10 0 —i|, dg=—|0 1 0
0 i 0 Vilo 0o 2

It is clear that {A,, 4,, 45 } generate the SU(2) subalgebra, and Az gener-
ate the U(1) subalgebra.

It is useful to redefine the generators as F, = 1 i, which is consistent
with the definition we used before in Eq. (A.3) so that the Lie algebra
is:

[ﬁp ﬁ,] =i ,'jkﬁk, (3)
with anti-symmetric structure constant f;; = —f;;- We can now define
the ladder operators as follows:

T, =F xiF, V, = Fy +ifs, U, =F+iF,,
Ty = F,. v=2r @
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One can see that in this definition, the right actions of {7, T3} and F;
are indeed the R, and Rz, respectively in CP* case, corresponding to
the SU (k) and U (1) background charge. And the right actions of remain-
ing operators {Ut, IZ_,} correspond to the raising and lowering operators
R,;,i = 1,2 that are in the implement of U (k).

By using of the structure constant, for example fys3 = fe73 =

3 1 . .
%, faas = —fz67 = Foeees the commutation relations for these operators
can be derived:

>
>

(., T =+T,, [T,.7_1=2T;,
(3, 0,1 = :%Ot, [0,.0]= %9 — 1, =20,
NN 1A XA 3.0 A N
[T5, i]=i§ v Vi Vol= §Y+ 3 =203,
(1, V,1=1[T,,0_1=10,,V,1=0,
[t,,vi=-0_, I[T,,0,1=Vv,, [0,V1=T.,
v, 7,1=0, [¥,T31=0,
W.0,0==x0,, [¥.V,]=%V, 5)

Notice that the commutator [U,,U_] and [V,,V_] above ac-
tually fit the results in Eq. (A.7). The operators {T,,7T_,T;},
{0,,0_,05},{V,.V_,V;} form a closed subalgebra SU(2). This shows
that all three of them are subalgebra of SU(3) and each individually,
which we call T-spin, U-spin or V-spin, aligns with the algebra of the
angular momentum operators, represented by the Lie algebra SU(2).

Since the maximum number of commuting generators of SU(3) Lie
algebra is 2, the rank of SU(3) group is 2. We consider the commu-
tation [¥, T3] =0 which means ¥ and T, can be simultaneously di-
agonalized. Thus we can define the common eigenstates |t;,y) with:
T3)t3,¥) = t3]t3, ). Y |t3,¥) = y|t3, ). The physical interpretation of the
quantum numbers of SU(3) is viewing y as hypercharge and t; as isospin.

By using the commutation relations Eq. (5), one can easily get
T3Vt 90) = (13 = DOV, |13, 90, T (O |13, 9) = (13 F D)0, |13,3)  and
Y(V,]t.90) = 0 D3, 9). Y (O |13, 3) = (v DO.lt5.9).  Thus,
both V, and U, raise the lower, respectively, the quantum number ¢; by
% and the quantum number y by 1. In addition, because of the relations
[¥,T,.1=0, the operators T, do not change the quantum number y,
while they only change the quantum number 7; by integer units. The
value of the isospin #; may be integer or half-integer because of the
algebra of angular momentum, while for the value of hypercharge
y, since ¥ = %(03 +V;), with Us;,V; an integer or half-integer, the

eigenvalue for Y is an integer multiple %, thatis, y=0,+1, +2, ...

Therefore, we can draw the actions of these shift operators in the

Vi

t; — y plane. It is illustrated in Fig. (1a). The units of y correspond to T%
times the units on #; axis.

In summary, SU(3) multiplets can be constructed by means of cou-
pled T—,U—, V- multiplets, and the algebra of each of them is isomor-
phic to SU(2) algebra. And how these shift operators T, V., U, act on
the states of a SU(3) multiplet is according to Fig. (1a).

There are some important properties of the structure of SU(3) mul-
tiplet. Since the states of a T-multiplets are placed along the ;-axis and
are counted by the quantum numbers 7; with all #; values of a given
multiplet have to be within the interval —1;,,,, <13 <13,,, according to
SU(2) algebra, the SU(3) multiplet has to be symmetric with respect to
the y-axis. Furthermore, due to the equivalence of the three subalgebras
T,U,V, the figure representing an SU(3) multiplet also has to be sym-
metric with respect to the axis U; =0 = %y— tyand V3 =0= %y+ t3.
These three symmetric axes intersect, with each pair forming the angle
of 120°. Thus, the representations of SU(3) multiplets within the y —1;
plane have to be regular hexagons or triangles. In particular, the origin
(y=0,13 =0) is the center of each SU(3) multiplet. This is shown in
Fig. (1b).

In general, a SU(3) irreducible representation can be labeled by two
integers (p, q), which fix the shape and highest weight states of this
representation. Consider first the state which carries the maximal weight
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Fig. 1. (a): Action of the shift operators in 5

y
<ﬁ7> i e
t3
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() (1) P () Ymax

(a)

©)

— y plane. (b): Symmetry of a SU(3) multiplet.
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anw
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(b)

Fig. 2. (a) (p, q) representation of SU(3). (b) Highest weight state with coordinates (1; = ‘?, y= 21,

t;, which is also the rightmost state in a r; — y figure. We denote it by

Wiax = |(#3)max» ¥)- This state holds the relation:
7Aﬂ+‘/’max = A+Wmax = U—‘/’max =0. (6)

Then the boundary of the multiplet can then be constructed by re-
peatedly applying V_ to w,,,, p times, followed by 4 times of applications
of 7' to the resulting state:

VP e = 0,
T V) ey = 0, %)

these uniquely define the integer number p, g. Thus, the numbers p and
q define a multiplet of the group SU(3), describing the side length of the
hexagon. It is depicted in Fig. (2). Further, this property also determines
the coordinates of maximum 7; weight state y,,, in t; — y plane: (13 =
ptq — P 4)

B

It can be proved that states on the boundary of a SU(3) multiplet are
occupied only once. This means that there is only one state correspond-
ing to a given point on the boundary. In the next layer, each point is
occupied by two states of the multiplet. The multiplicity is increased by
one each time we pass to the next inner shell until reaching g steps, the
hexagon has become a triangle. Then the multiplicity will not change.
Each state within the triangle has a multiplicity of (¢ + 1). In particu-
lar, the multiplets (S, 0) are the only ones consist of only nondegenerate
states. Some simple multiplets of SU(3) are shown as follows in Fig. (3).

By calculating the number of points in each hexagon shells and the
interior points within the triangle, one can derive the dimension of the
general representation D(p, q)':

dp.q)= 2+ D@+ Dp+q+2) ®

! For SU(3), the irrep (p,q) denotes the Dynkin labels [p, ], and the corre-
sponding Young tableau has two rows of lengths [p + ¢, q].

3

And the value of the quadratic Casimir operator C,(F,) = ¥, 1:"‘.2 in
the representation D(p, q) is:

PP+pa+d
3
For electrons moving on CP? geometry under a U(l) magnetic
field with flux S(S € Z) and zero SU(2) field, the U(2) operators in
Eq.(A.4,A.5) are corresponding to the right actions of £, B, F3, and Fy,
which are

Cy(p,q) = +p+q (C)]

F, =0,

i

i=1,23

Fy=-—— (10)

\/5,
one can see that representations satisfying Eq. (10) which contain an
SU(2) singlet and appropriate value of Rg, require p — g = .S. Since op-
erators R,; in Eq. (A.9) are the right action of U_, V., the Hamiltonian
becomes

1 om a a A

H= ——@UO0_+0_0,+V,V_

4Mr?
- 2Mr2 ; 2Mr2 ;
Catpa) - 35%).

+V.V,)

l
—_— 11
2Mr? an
The energy eigenvalues can then be written by using of Eq. (9) and
the relation p— ¢ = S:

E, = ——I[q(g +2) + (g + DS], 12)

2Mr M2
the index ¢ =0,1,2,... labels the Landau levels. The (¢ + 1),, Landau
level is d(p = S + ¢, q)-fold degenerate.
For the states on the LLL(g = 0, p = 5), the SU(3) representations are
(S,0) which are indeed the symmetric representations with rank-S we
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Fig. 3. Some simple multiplets of SU(3).
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Fig. 4. An example for states in (2,0) representation.

mentioned in the CP¥ case. In this case, the LLL condition Eq. (A.11)
becomes

Op_¥=0, Vp_¥=0. 13)

Using the symmetry of SU(3) representations and the highest weight
states y = ?, one can immediately see that a state with zero SU(2)
charge and nontrivial U(1) charge, t; =0,y = —2(”3_ 9 always exists in
these (5,0) representations. This state satisfies both Eq. (10) and the
LLL condition Eq. (13).

Then we can write down the single particle wavefunctions of the LLL

in terms of the local complex CP? coordinates according to Eq. (A.13):

Wy & w P W (14)

where (u, v, w) satisfying |u|? + |v]> + |w|> = 1, and p*, p?, p* are non-
negative integers satisfying p* + p¥ + p* = S. The degeneracy of states
on the LLL is given by

dip=3S,0) = %(S + (S +2). (15)

We follow the notation in Ref [33], using a vector p = (p*, p’, p?) to
denote an orbital on the LLL. Since these LLL orbitals form a SU (3) irre-
ducible representation (.S, 0), the relation between p and SU(3) quantum
numbers isospin(we now use i, instead of 7;) and hypercharge can be
expressed by

1
y=38- P 16)

For the reason that the (S, 0) multiplets are nondegenerate in .SU(3)
weight space, the total SU(2) i,-spin of each state can also be expressed
by I = %(S —p*), with —T <i, < I. An example for states in (2,0) rep-
resentation is shown in Fig. (4).

) 1
i, = E(Py -0,

2.2. Two-body interaction and Haldane pseudopotential

We now consider many-body system by projecting H; into the LLL.
In the second quantized form the two-body interaction Hamiltonian can
be written as:

— oot
Hy = Z VP] -P2:P3:P4 cpl cpz “p3py 6171 +P2=p3+pP4° an

P1:P2:P3:P4

where C; and c, are creation and annihilation operators. The 6 func-
tion above conserves two quantum numbers(isospin and hypercharge)
of SU(3) after scattering.
The matrix elements V,, o, .. = (1. P2|V |P3. P4) can be expanded
using the SU(3) generalizations of the Haldane pseudopotential V;,
which amounts to projecting the two-body interaction Hamiltonian onto
distinct SU(3) two-particle channels within the (S,0) ® (S,0) Hilbert
space. By projecting the two-fermion Hilbert space in the SU(3) rep-
resentation (5,0) ® (S,0) onto the channel (25 —2/,1), the interaction

matrix elements V, can be constructed as [34]:

P1:P2:P3.P4
QS-210 ~Q2S-2L0).1
P1 P2.P3.P4 Z V’ Z CP] P2 P4 P3 . s
Lodd
Here CS72DT C(ZS —2LD.1 are the SU (3) Clebsch-Gordan coefficients,

P1.P2 P4.P3
with p labeling a single-particle state in the (.5, 0) representation. The

index [ plays a role analogous to the relative angular momentum in
the SU(2) Haldane pseudopotential, with smaller / corresponding to
shorter-range two-particle correlations. The restriction to odd / follows
from the requirement that the two-fermion channel be antisymmetric
under particle exchange. m is related to the filling factor v = 1/m, cor-
responding to the N-particle Laughlin wavefunction:

x Y z x v z |m

py P )4 4 P P
1 P P N, PN, PN

Ml Ul LU1 Lll Ul wl

¥y = : H 19

<y oz x oy oz

PN PN PN PN PN PN

MN UN LUN LlN UN IAJN

where N is the particle number N = d(S/m,0), while the total number
of orbitals is d(S,0). The subscript i = 1,..., N labels N particles.

The SU(3) CG coefficient can be constructed following the way in
Ref [35]. If the quantum numbers of p,, p, states in (S, 0) representation
correspond to (Iy,i, ;) and (I5,i,,, y,) respectively, the state (1, iz, y)
in (28 — 21,1) channel should obey the constraints

i +ip=i, yi+m=y |[-L|<I<I+1,. (20)

The same holds for p;, p4 states. These constraints actually preserve the
quantum numbers.

In this case, one can find Laughlin wavefunction is actually a unique
zero energy ground state of the Hamiltonian Eq. (17), which is in the
total (I, = 0,Y = 0) subspace. The ground state and low-energy excita-
tions spectrum was first derived numerically in Ref [33].

In general, the model we are working with is a fermonic Hamiltonian
with d(S,0) = %(S + 1)(S + 2) orbitals and SU(3) invariant interactions.
Since the spatial dimension is d = 4, the length scale of the system is
[(S + 1)(S +2)1'/4.

3. Ising model on CP? space

In this section, we demonstrate the application of the project Hamil-
tonian method using the example of the Ising transition on the CP?
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Fig. 6. (a) Finite-size scaling of order parameter (M 2) /L™ with 7 =00. N = %(S + 1)(S +2) is the number of electrons filled in the LLL. The rescaled order
parameter crosses at the same point s, ~ 14.30. (b) The data collapse of the rescaled order parameter according to the reduced field strength (%)Ll/ v with

v=0.5,h, =14.30.

manifold. Our construction is based on the LLL on the CP? manifold,
as introduced in Section 2. We start with the Ising transition.

In general, the Ising phase transition is described by the effective ¢*
theory [36,371:
S= / dx(V)? + r¢? + ug*, (21)
where ¢ is a real scalar field. Order parameter {¢), relating to the local
magnetization, distinguishes symmetry breaking phase ({(¢) # 0) from

the symmetric phase ((¢) = 0). In the RG analysis, the quartic inter-
action term is relevant for d < 4, so that the theory flows from a free
UV fixed point to an interacting IR fixed point [38]. For d > 4, the free
Gaussian fixed point is stable, where the scaling dimension of the fun-
damental field ¢ is

d

=%_1

2
Similarly, the scaling dimension of local thermal operator ¢ is A, =
d — 2. Traditionally, in the statistical physics, the critical exponents are

A, 22)
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Fig. 7. The finite-size scaling of the lowest excitation gap at the critical point
h, ~ 14.30.

widely used to described the critical phenomena. The critical exponents

are actually determined by the scaling dimensions of relevant operators

as

y=—1_ 23)
d—A,

n=20,-d+2. (24)

For the CP? manifold with space-time dimension d = 5, we expect
A, =3/2and A, = 3 exactly, which gives n = 0 and v = 1/2 respectively.

3.1. Model and Hamiltonian

Here we consider the quantum Ising model with the Hamiltonian
living on CP? space, which can be written as

H = / , dQ,dQ, U(Qab)[no(z‘l’, zg)no(z[l’, z’z’) —n*(z], zg)nz(zll’, z’z’)]
cP
—h/ dQn*(zy, zy). (25)
cp?

Here z,,z, are the local complex coordinates defined on CP? space in
Eq. A.12 of Section 2.1, and the subscripts a, b label particles. n*(z,, z,)
is the local density operator defined as

n*(z1,29) = 9] (21, 22), 0] (21, 2101911 (21, 22), ¥, (21, 2T (26)

with ¢ = I,,, and ¢ being Pauli matrices and (z,, z,) is electron
annihilation operator. Importantly, the integral on CP? manifold is de-
fined by Fubini-Study metric and its Kahler form:

/ dQ=/ — L izd, @7
cp? CP2 (1+|zy|” + |23

Next we can rewrite the Hamiltonian in the second quantization form
since Y(zy, z,) = ¥, ¥p¢, is the annihilation operator with ¥, the single
particle wavefunction on Ccp? space (see Eq. (14)) and [ the annihila-
tion operator of Landau orbital, so that we can project the Hamiltonian
into the LLL:

H = H00+sz+Ht’ (28)
— T i
Hyy = Z VP]vPZvP3vP4(cp1 CP4)(cpchs)5P1+Pz=P3+D4’ (X))
P1:P2:P3:P4
— T i
H = z VP1-P2,P3sP4 (cp| Gzcm)(cpzachs )5P1+P2=P3+P4’ (30
P1,P2,P3:P4
H, = -h ZC;GXCP’ (€19)
p

where c; :<C;T’C;L) creates spinful electrons on the p Landau or-

bital as defined in the section Section 2.2. The interaction parame-
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ter Vo, popaps is related to the SU(3) Haldane pseudopotential ¥, as
before but now connected to the interlayer interaction in a spinful

system:
_ (28=21,1),1 ~(28=21,1),1
VPlsPZ’PSvP‘l - Z Vi 2 Clllvpz Cllavps . (32)
1 1

The first two terms of the Hamiltonian, H, + H, correspond to short-
ranged density-density interactions in real space, which yields the Ising
ferromagnet as the ground state. The term H, is the transverse field,
which produces paramagnet as the ground state. The competing of these
two terms leads to a phase transition from Ising ferromagnet to the para-
magnet, and a Ising-type transition in between. We will verify this ex-
pectation later.

In practice, we consider the LLL is filled by N = %(S + 1)(S + 2) elec-
trons in total to process the phase transition of Ising model (The degen-
eracy of the LLL please see Eq. (15)). The Hamiltonian of this model
has Ising Z, symmetry: ¢, — o*¢c,, SU(3) symmetry since all orbitals p
in the LLL are in the (S,0) representation of SU(3), and particle-hole
symmetry: ¢, — ic¥e,*,i — —i.

In this paper, the Haldane pseudopotential involves channels with
1=0,1. When A =0 and V,,V; >0, the Z, symmetry breaks sponta-
neously, resulting in 2-fold degenerate Ising ferromagnetism ground
states where the many-body state is either fully spin-up or fully spin-
down. When 4 > V|, V}, the ground state is a paramagnetic phase pre-
serves Ising symmetry. In this work, we set ¥} =1 as energy unit and
vary ¥V, and h to study the phase transition.

3.2. Numerical method

In this paper, we solve the Hamiltonian H numerically on finite sys-
tems. Since the number of the LLL orbitals increases fast by varying the
monopole charge S (see Eq. 15), the model is solved numerically by
using exact diagonalization (ED) for smaller size (N < 15) and density
matrix renormalization group (DMRG) for larger size (N > 15).The ED
calculations are performed using our own code, while the DMRG simu-
lations are implemented with the ITensor library [39].

Notice that the Hilbert space dimension of this half-filled spinful sys-
tem grows exponentially, resulting in an extremely high computational
cost. However, the SU(3) symmetry enables a substantial reduction of
the Hilbert space dimension. As discussed in Section 2.2, the total isospin
and hypercharge of electrons are conserved under scattering processes,
providing two good quantum numbers (defined as Eq. (16)) by which the
Hilbert space can be block-diagonalized. For instance, the block with the
total quantum numbers (I,,Y) = (0,0) is typically chosen, since it con-
tains the ground state as well as the majority of low-lying excitations.
Within this symmetry sector, the Hilbert space dimension is significantly
reduced approximately as 90, 6028, 2.24 x 10%,4 x 10° compared to the
full space, according to N =6, 10, 15,21, respectively. In this way, the
ED method can be applied to the systems with N < 15 in the present
model. For the ED calculations, we have benchmarked the case with
N, =28,N, =6 in the 1/3-filled quantum Hall system studied in Ref
[33].

For the cases with N = 21,28, the Hilbert space becomes too large
for ED. Therefore, the DMRG method is employed to obtain the ground
state and low-lying excitations. A small difference from the previous
works is, in the current case, the Landau orbitals donot form a simple 1d
structure, instead they form a triangular-like structure (see Fig. 4) as an
example. We can assign each Landau orbital with a matrix to represent
the variational space and we find the usual optimization process still
works. In the DMRG calculations, the maximum bond dimension y and
the truncation error e are carefully adjusted to balance computational
cost and accuracy. In this work, we set the maximum bond dimension up
to y = 5000 and a truncation error below ¢ = 1078. The convergence of
the results is further checked by increasing y and verifying the stability
of the energy and order parameters as shown in Fig. (5).
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3.3. Numerical results

In this model, the Z, order parameter of the transition is:
_ 1 iz
M = 3 ZCPO' - (33)
P

The phase transition is then obtained by the finite size scaling of the
order parameter M. In this paper, we employ the curve-crossing method
and the data-collapse approach to study the phase transition, taking into
account different system sizes.

Fig. (6a) illustrates the rescaled order parameter ( M?)/L5 as a func-
tion of the transverse field strength & for various system sizes N with
V, = 10. The curves cross at h, which signals the phase transition point.
For h < h,, the finite-size order parameter grows with system sizes, con-
firming the ferromagnetic phase. For 1 > h,. the order parameter reduces
with the system sizes, indicating the disordered phase. These results con-
firm a phase transition from ordered Ising ferromagnetism to disordered
paramagnetic phase.

Around the phase transition point, the order parameter should satisfy
some finite-size scaling behavior. In specific, the magnetic order should
obey
a2y = P ) 34)

c
where the critical exponent 5, v can be estimated from the field theory
analysis in Section 3 and 4, is the critical field. Fig. (6b) depicts the data
collapse for according to Eq. (34), where a polynimial function is also
used to fit our data. The best fit gives the critical field #, ~ 14.30.

In addition, the transition point can be identified by calculating the
lowest spin excitation gap. Since flipping a spin orientation costs fi-
nite energy in the paramagnet phase, the spin excitation gap should
be nonzero. However, at the critical point, the system becomes gapless.
Fig. (7) shows the lowest excitation gaps with respect to field strength
and the finite-size scaling of the lowest excitation gap at the critical
point. The transition point is determined to be A, =~ 14.30.

Since the Ising model can be described by the field theory of a scalar
field ¢ with a ¢* coupling which is irrelevant for d > 4, our (4+1)-D
Ising model is in the case that the mean field theory works. The theoret-
ical predictions for the critical exponents in this case are v =0.5,7 =0
and the scaling dimension of the order parameter is A, = % =15,
which nicely fit our numerical results.

4. Summary and discussion

To summarize, we first reviewed the single particle states on 2k di-
mensional manifold CP* and focused on CP? space with U(1) back-
ground magnetic field in details by using the SU(3) Lie algebra. We con-
structed a many-body system to numerically study a four-dimensional
quantum Ising phase transition. Under strong magnetic field &, the
ground state state is paramagnetic, while under small magnetic field
the ground state is ferromagnetic with all the spins having the same ori-
entation. The phase transition point is numerically determined by the
ordinary order parameter. The obtained critical exponents meet the pre-
diction of Landau-Ginzburg theory and conformal analysis. To our best
knowledge, this is the first attempt of the quantum phase transition in
(4+1) spacetime dimension. We believe this work opens a way for the
study of phase transitions in higher space-time dimensional geometry.
We envision that our approach can be generalized to CP* manifold or
other higher-dimensional space such as .§*, which has been illustrated
that CP> with a U(1) field is equivalent to an SU(2) instanton on 5%
[25]. Furthermore, one may also take into account the SU(k) gauge
field. Besides, this approach can also be applied to other universalities
such as the XY model. The corresponding conformal field theory are
left for future research.
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Appendix A. Group theoretic analysis on CP*

In this appendix, we present a general discussion of Landau-level
quantization and related constructions on the complex projective space
CP*, which are 2k-dimensional Kihler manifolds and can be viewed as
coset space
SU(k+1) SU(k+1)

Uk)  SUGxUQ)
which defines natural background U (1) and SU (k) magnetic fields. The
wavefunctions can be obtained as functions on SU (k + 1) with specific
transformation properties under U (k), which can be given by the Wigner
D-functions. In group theory, for an group element g € SU(k + 1), we
can define left and right SU(3) actions by

CP* = (A1)

Lg=T,;  Rug=2sT, (A.2)
where T, are the SU(k + 1) generators. The right operators R, corre-
sponding to covariant derivatives consist of raising and lowering op-
erators from one Landau level to the next, while the left operators I,
correspond to magnetic translations which rotate the eigenstates on the
manifold preserving the Landau level index. This formalism is similar to
the well-known case on sphere (CP") one may be familiar with [40].

As T, form a basis of Lie algebra of SU(k + 1) in the fundamental
representation, they are chosen to obey

. 1
(L0 T)) = ifanc T TE(T,TY) = 38 (A.3)

where f,,. are the structure constants of SU(k + 1).

Since the dimensions of Lie groups SU(k + 1) and their subgroups
U(k) ~ SU(k) x U(1) are k* + 2k and k?, respectively, we can denote the
SU(k) and U(1) in U(k) € SU(k + 1): Ry, a = 1,2, ..., k* — 1 will denote
SU(k) generators and R2_,, will denote the generator in the U(1) di-
rection.

In this paper we always focus only on the U(1) Abelian background
and in the absence of SU (k) non-Abelian background charge. Therefore,
with the background field along the U(1) direction, the wavefunctions
for the Landau level on CP* are singlets under the subgroup SU (k) and
carry nontrivial U(1), charge. So that the quantum numbers for R, are
constrained to be

R,=0, a=12,...,k-1 A4

k

NUE)

Rppgp = —S (A.5)
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where S is the U(1) magnetic charge with a form of Br?> with B the
magnetic field and r the radius of the CP¥, respectively. Similar to Dirac-
type quantization conditions, .S is an non-negative integer. The reason
that the U(1) charge takes the form in Eq. (A.5) will be discussed later.
There are 2k generators of SU(k + 1) which are not in U (k). Thus
we denote these SU(k + 1) generators which are in the complement
of U(k) as Ry p=1,2,....2k These can be further separated into the
k raising type R,; and k lowering type R_; with the definition R,; =
Ryi_; £iRy;,i=1,2,... k. The covariant derivatives on CP* are then
given by
R

=i (A.6)
- r

D

By using the structure constants and Eq. (A.5), the commutator between
R, and R_ is

o 2k +1) 4
= ifijaRy + 6 TRk2+2k

=-S5, A7)

[Ry;, R_)]

with R, a generator of SU(k) and zero SU (k) background charge con-
dition. With this relation, the commutator of D, in Eq. (A.6) becomes
[D,;, D_;] ~ B. Thus, the form of U(1) charge defined in Eq. (A.5) is con-
sistent with the fact that the commutator of covariant derivatives is the
magnetic field.

The Laplacian for CP* space is related to covariant derivatives, given
by -V2 = %(DH D_; + D_;D,,). Thus, the Hamiltonian for the QHE prob-
lem is proportional to this covariant Laplacian:

1
HY = - Z (Dy;D_; + D_;D, )Y, (A.8)

where M is the electron’s mass. With zero SU(k) background field
Eq. (A.4), the Hamiltonian can be written as

1 PN PN
HY = —— Z(RHR,,. + R R, )Y

1 K2+2k
= 51 Za“ R - R, Y. (A9
Therefore, the corresponding energy eigenvalues are:
E= 2]\/1I_r2(C2SU(k+1) - Rihzk)
- M;_rz(cjw‘*” - ﬁ 2, (A.10)

where C, is the eigenvalue of the quadratic Casimir operator of the
SU(k + 1) group.

One can use the commutator in Eq. (A.7) and see that H is an in-
creasing function which is proportional to ¥, R, R_;, apart from some
additive constants. Hence the lowest Landau level should satisfy the con-
dition

R_,¥=0. (A.11)

The conditions Eq. (A.4),(A.5),(A.11) completely fix the represen-
tation of LLL, which imply the symmetric rank S representation of
SU(k + 1) that contains the lowest weight state with nontrivial U(1)
charge and SU (k) singlet.

Recalling that CP¥ is a 2k-dimensional complex projective space and
can be parameterized by k + 1 complex coordinates u,,a =0,1,2, ...k,
such that #*u, = | with the identification u, ~ ¢'u,. Further, we can
introduce local complex coordinates z; = x; + iy; by writing

1

pp—— (A12)

Vi+z-z

Zk

In terms of u, the basis for functions on CP¥ can be given by {¢,} : ¢, =
a% . @%ug . ug, with / an integer value. For a fixed value of /, this
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form is symmetric for all the upper indices for z or for all the lower in-
dices for u. Since the representations of SU(k + 1) for the LLL are totally
symmetric and of rank S as mentioned before, the wavefunctions are
then derived in local coordinates as

- B S %zg“zf‘ ...zik
Popr---Pi polpi!-p!]l (1 +z-2)5/2
Po, P1 Pi
~ugu Lk (A.13)
with
S=py+p +-+p. (A.14)

Here 0 < p; < S. The condition Eq. (A.11) is then a holomorphicity con-
dition that implies the wavefunctions are holomorphic of z.

The degeneracy of states in the LLL is then given by the dimension
of this symmetric S-rank SU(k + 1) representation as

|
N= % (A.15)
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