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Explicit Wave function of the Interacting Non-Hermitian Spin-1/2 1D System
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We present an explicit Bethe-ansatz wave function to a 1D spin-1/2 interacting fermion system,
manifesting a many-body resonance resulting from the interplay between interaction and non-Hermitian
spin-orbit coupling. In the dilute limit, the Bethe-ansatz wave function is factorized into Slater determinants
and a Jastrow factor. An effective thermodynamic distribution is constructed with an effective Hamiltonian
including a repulsion resulting from Pauli’s exclusion principle and a distinctive zigzag potential arising
from the resonance. The competition between these effects leads to a transition from a uniformly distributed
configuration to a phase separation. Clustering of particles with identical spins is observed in the latter
phase, demonstrating that the many-body resonance effect is enhanced by the repulsive interaction.
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Introduction—The non-Hermitian skin effect (NHSE)
has attracted significant attentions recently [1-8]. The
associated exotic properties, such as the complex-valued
spectrum and the localization on boundaries, can be
described by the theory of the generalized Brillouin zone,
in which momenta are complex valued [3,9—14]. These
distinctive features are highly sensitive to boundary con-
ditions. For example, the eigenstates in non-Hermitian
systems are extended under the periodical boundary
condition (PBC) while localized under the open boundary
condition (OBC), which contrasts to the case in Hermitian
physics. Experimentally, the NHSE has been observed in
various systems, including metamaterials [15,16], photonic
systems [17], electrical circuits [18,19], acoustic crystals
[20], and cold atomic systems [21].

Despite the significant progress in the NHSE, current
studies predominantly focus on the single-body physics.
How the NHSE behaves under strong interactions remains
an open question, and non perturbative analytical studies
are desired. The Bethe-ansatz (BA) method [22,23] is a
systematic tool for studying one-dimensional (1D) inte-
grable systems, including the Lieb-Liniger model of the
interacting Bose gas [24,25], the Gaudin-Yang model of the
interacting Fermi gas [26,27], and the Lieb-Wu solution to
the Hubbard model [28]. When applied to non-Hermitian
systems [29-31], it has been found that NHSE is
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suppressed by repulsive interactions [32-36]. However,
the complexity of BA wave functions makes it difficult to
calculate observables. It would be desirable to construct an
explicit many-body wave function to facilitate a deeper
understanding of the NHSE in interacting systems, akin to
the Ogata-Shiba-type and the Laughlin-type wave func-
tions [37-39].

In this Letter, we present a concise expression for the
many-body wave function in a 1D spin-1/2 fermion system
with the non-Hermitian spin-orbit coupling (SOC). As a
result of the repulsive ¢ interaction, each particle behaves as
a soft boundary to particles with opposite spins, inducing
an effective unidirectional attraction between them.
Resonance states are formed here instead of bound states,
i.e., the Bethe string states [40—-42]. The explicit many-
body wave function is constructed in the dilute limit, which
is a rare example in many-body physics. It consists of the
product of Slater determinants and the Jastrow factor [43]
reflecting the resonance between particles with opposite
spins. Remarkably, a phase transition occurs as the inter-
acting strength increases, where the level of localization
exhibits a jump, indicating that the resonance is enhanced
by the repulsive interaction.

Model—We start with the following 1D non-Hermitian
many-body Hamiltonian with system length L (7 = 1)

(—iV, + lmaa,

H=

2295 x —xp), (1)

N
—1 <l

l
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where o > 0 and g > O represent the strength of the non-
Hermitian SOC and the repulsive interaction respectively;
the PBC is assumed. Since the z component of total spin is
conserved, the eigenvalues and eigenstates can be labeled
by the particle numbers of two components, i.e., N4 and
N, . In the following, the real and imaginary parts of the
complex momentum are defined as

kl.nl = ()(1.61 + ir]l,a,)/L’ (2)

where 6; = +1 represents the spin z component.

We warm up by considering the single-body problem. If
the particle carries spin ¢ (6 = 1,]), the eigenstates
are denoted as e***|s), and the eigenenergies are
(ks & ima)?/(2m). The momentum is quantized as
k, = 2zn,/L under the PBC. Upon the OBC, the spin-
up and down particles localize at the right and left
boundaries, respectively. The single-particle localization
length is A, = (ma)~!, which is independent of the system
size, indicating the presence of bound states. This is the
conventional NHSE discussed in the literature.

Two-body case—With Ny =2 and N =0, the
corresponding eigenstate is a Slater determinant of plane
wave states with k;4 =2zn;4/L and i=1, 2.
The ¢ interaction does not manifest here due to Pauli’s
exclusion principle. The corresponding eigenenergy is
E =Y (ki s + ima)?/2m. The case with two spin-down
particles can be constructed in parallel.

Nontrivial interaction effect emerges with a pair of
particles of opposite spins. The eigenstate is written as
@(x1, %) [41) = @(x2,x1)|1]). Using the center of mass
coordinate X = (x| + x,)/2 and the relative coordinate
r=x; —x, the wave function is decomposed as
@(x1,x,) = O(X)p(r), satisfying the following equations,

(-2 - 2aV, +200(1))$(r) = E,4 (7).

®(X) is solved as e/®xX where Ky = 2zng /L. The non-
Hermitian term —2aV, only appears in the motion of the
relative coordinate, where the § potential acts as a soft
boundary. As a result, the reminiscence of the NHSE would
bring an effective unidirectional attraction between two
particles, explained as follows. The relative motion is
solved as

¢<r) — Aeik,r + Be—ik,r—Zmar’ (4)

where A, B are scattering amplitudes, k, = (y, + in,)/L is
the complex momentum. Matching wave functions on both
sides of the 6 potential, it yields,

[—j((—l)”K cosh mal — cosh mBL) = sinh mpL, (5)

9

where = a+i(k./m). As shown in Supplemental
Material (SM) Sec. I [44], in the case of L > A, Eq. (5)
is solved as

Xr:(znr+nl()”’ ﬂrzln(]+g>9

%:—(1+§).

¢(r) is identical to a single-body wave function of spinless
particle subjected to a “soft” boundary condition, which
lies between the cases of OBC and PBC, since the §
potential permits partial transmission. In all cases, the
solution possesses a pair of momenta, whose imaginary
parts are summed to 2ma. In the OBC case, both imaginary
parts equal ma, while in the PBC case, one becomes real
and the other carries the imaginary part of 2ma. In our case,
a small imaginary part 7,/L is at the order of 1/L, and the
other remains at the order of 2ma. Consequently, the decay
of ¢(r) is at the length scale of L, such that these states are
resonance rather than bound states [45,46]. The situation of
OBC is recovered for g~ (1/mL)e*/* in which case the
localization length L/#, ~ A, while that of PBC corre-
sponds to g = 0.
In the lab frame, ¢(x;,x,) is written as

(6)

O(x; > x,) (Aei(kl,ixﬁrkmxz) + Bei(kz.Lx|+k1,¢X2))

_|_(9(x2 > xl)(A/ei(kl.lxl+k2.Tx2) + B’ei(k24¢x1+k1.¢xz>)’ (7)

where 0 < x;, < L. B and B’ terms are the reflected waves
of A and A’ terms, respectively. After the reflection, the real
parts of momenta switch, but their imaginary parts change
due to the SOC. As a result, the imaginary parts of k; | and
ky 4 are at the order of 1/L,

kiy = (i +in,)/L, kyy = (= in)/L, (8)
while that of the reflected momenta & 4 and k, | become
finite as

kl,T = kli — 2ima, kz,i == kZT + 2ima. (9)
Here y; = 2zn; with i =1, 2. A’ and B’ terms are the
transmitted waves of A and B terms, respectively. The PBC
yields A’/A = ¢*1.L and B'/B = e'*2\L,

We view A, A’ terms as the incident waves and B, B’
terms as the reflected waves. Since the imaginary parts of
their momenta behave differently, in the case of L > A, the
reflected waves can be dropped if the interparticle distance
exceeds A,. Then the wave function is simplified to the
product of plane waves and a Jastrow factor,
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o(x1,x,) = Aeilnxitnxn)/L . e—%W(Xl—xz), (10)

where ¢2V(ni—x) jg given by the sum of step functions
modified by the imaginary parts of the complex momenta

-1
e~ xi—x)/L <€(x1 > x5) + 6(x, > x1) (1 + Q) )
a
More explicitly,

W(r) =21, <£+9(—r)), L<r<L. (1)

The exact and approximated wave functions Eqgs. (7) and
(10) are shown in Fig. 1. The spin-up particle is fixed at
x, = 0. Increasing x; from 0, ¢(x;, x,) rapidly reaches the
peak located at x; peg ~ In(LAT)/(LATY). IEL > A, X1 pea
coincides with x,. The peak is followed by a slow decay at
the length scale of L, which means the spin-down particle
prefers the right side of the spin-up one. This can be
understood as a weaker version of the NHSE with locali-
zation length L/#5,. Note that this length decreases as g
increases, indicating that the localization is enhanced by the
repulsive interaction, which distinguishes it from the
conventional NHSE suppressed by repulsions as reported
in the previous studies [32—-36]. The behavior at x; < 0 can
be obtained by applying the PBC. As we will explain later,

To=10, g/a=20

1.0 »

Y 1 Exact wavefunction
=== Approximated wavefunction
g 0.8 1 Apy 1 fi
t=he )
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1.0 L,
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=
-
-
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FIG. 1. The two-body wave function ¢(x, x,) with particles of

opposite spins by fixing the spin-up one at x, = 0. The parameter
values are y; =y, =0, m =1, a =1 and L =50. The peak
appears at x; ~ In(LA;1)/(LA;"). In the case of L > A,, the peak
is located at x; = x, and ¢ becomes discontinuous. It implies that
the spin-down particle tends to lie on the right side of the spin-up
particle, forming a resonant pair on the ring. The wave function
becomes more localized as the strength of repulsive interaction g
increases, which indicates that the resonance is enhanced by the
repulsive interaction.

the two-body wave function can be generalized to the
many-body case where the above picture still holds.

Many-body problem: BA equations—For eigenstates
with N down spins and Ny =N — N up spins, the
corresponding BA equations are

M A —k —img

_ — eiIEILernaL
TN =k +img
N -
Ai —k, —img o2mal H A = Ay —2img (12)
At k, +img A; — Ay +2img’

where {k;} and {A;} are N and N variables to be
determined, with 1 </ <N and 1<, i < N. Once
{k,;} are obtained, the corresponding momentum of the
[th particle with spin o; is given by

kig = ki — (13)
Note that the scattering is always nondiffractive in terms of
k;, which ensures the integrability of the model.

The solutions to BA equations are significantly simpli-
fied due to the non-Hermitian SOC. For example, in the
two-body case, the solutions can be effectively expressed
by Eq. (8), since those reflected waves with momenta
{ki 4.k, } are removed in the approximation to the wave
functions. The same thing happens in the many-body case.
As illustrated in Fig. 2, the many-body wave function is
composed of many “plane waves,” connected with each
other by scattering. Those “plane waves” in the same
column are connected by transmission, which share the
same momenta since transmission exchanges the positions
of the particles while preserving their momenta. For
example, A,, Az --- are the transmission descendants of
Ay, with momenta

imao;.

kiy = G+ inNy/L, kg = (2= (14)
Here 1 <i<N,, N +1<j<N, y;=2zn;, and 7, is
defined in Eq. (6). A;,A,,A5--- are denoted as incident
waves, like the A and A’ terms in the two-body case. Each
incident wave has many reflected descendants, aligned in
the same row. Due to the diffractive reflection described by
Eq. (9), these descendants decay much faster than the
incident waves, and therefore can be discarded in the dilute

limit defined as
d
Tsm (1 + g) ,
Ag a

where d =L/N is the average interparticle distance.
Detailed calculations are found in SM Sec. II [44]. Note
that our approximated solution exhibits a singularity at
a = 0, since the dilute limit is broken in that case.

in,N|)/L.

(15)
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Comparing Eq. (14) with the two-body solution Eq. (8),
one finds that only imaginary parts of momenta change,
which are amplified by the number of particles with
opposite spins. This fact stems from the nature of resonant
states. For a spin-down particle, it deems each spin-up
particle as a soft boundary, such that its length free of
collision is roughly L /N 4. Hence, the imaginary part of k; |
in Eq. (14) is amplified by a factor of N4. The case for a
spin-up particle is in parallel.

BA wave functions—We denote ¢(x|;x;) as an abbre-
viation to the following wave function:

l/TT...T(xleZ'"xNi;xNﬁrlaleJrZ"'xN)-

——

Ni NT

Other spin configurations of the BA wave function can be
obtained by permutations according to Fermi statistics.

In general, the BA wave function is very complex.
Fortunately, in the dilute limit, it can be factorized a similar
way to that of the two-body case in Eq. (10),

p(x;5xp) = det(e%) det(ewjl:jz>e_%2ffw(xij), (16)

in which two det(- - -) represent the Slater determinants of
the plane waves for spin-up and down particles, respec-
tively; the two-body Jastrow factor in Eq. (10) is also
generalized to the many-body case. Here 1 <i,i;,i <N
and Ny +1 <], j,j» £ N are the coordinate indexes for
spin-down and up particles, respectively, and x;; = x; — x;
represents the distance between them. This wave function is
similar to that of the Hubbard model at U — oo [37], where
the BA wave function is factorized into a Slater determi-
naint of spinless fermions and a BA wave function of the
spin-1/2 chain.

The above simplification is justified as follows. As
illustrated in Fig. 2, the wave function is approximated
to a summation of incident waves with different coordinate
permutations. In other words,

Reflected descendants

Bethe-ansatz wavefunction
= Incident wave A, + ReTletted-wave B, +Re + .
+ Incident wave A, + Reftected-wave B, + Reffected-wave C; + ...

+

+ Incident wave A; + ReTterted-waue B + .

+.
= Summation of incident waves

Transmitted descendants

Waves: Slater det of spin-up particles X Slater det of spin-down particles

FIG. 2. The construction of the Bethe-ansatz wave function. It
is composed of many “plane waves.” Each plane wave is a
product of Slater determinants, due to the Fermi statistics. The
“plane waves” in the same column or the same row are connected
by transmission or reflection, respectively. Due to the diffractive
reflection described by Eq. (9), the reflected descendants of A; are
all suppressed.

ixi| X iy X _ nrij
o(x;5xp) = det(e%) det(e /1L/2>e 2

x ZQ(XQI > Xg, > > xQN)A(Q)’
0

where Q represents the permutation xp, > xg, > -+ >
Xg, With 1 <Q;<N. >, denotes the sum over all
permutations. These incident waves differ by a “phase
shift” whose module is not 1 due to the non-Hermitian
SOC. After switching a pair of neighboring particles with
opposite spins, the amplitudes are changed by

ALY g A
A7<_._Hm)1+a+0<d>, (17)

which is momentum independent at the leading order. As
proved in SM Sec. II [44], in this case the summation of
step functions can be organized into

ZG(XQI > xQZ > e > )CQN)A(Q) = e_nrzij6<xj_xi).
0

Further simplification yields the wave function Eq. (16).

Application—As an application of the above solution, we
identify a phase transition in our system. Consider the case
with an equal number of spin-up and spin-down particles,
whose real parts of the momenta are 2zn;/L. Without loss
of generality, assume the particle numbers of both compo-
nents are odd. The quantum numbers n; and n; for spin-up
and down particles take the values of

In this case, the Slater determinant simplifies to [47]

Kiy Yy . ﬂ(xi —)Cl')
det(e*) = T ( 2isin =20 =222,
etle L ( 181N 2 >

i1 <i

The probability distribution function |¢(x, ;x4 )[* can be
expressed as a thermodynamic distribution, similar to the

case of the Laughlin wave function [38]:

lo(xx0) P = plxyixp) = 7 (18)

The effective Hamiltonian H is

H=> V(x,)+ Y V) +> W), (19)

i1 <ip J1<)2 ij
where xil’iz = x,»l —X; and lequ = le —sz. V(r) =
—21In | sin(zr/L)r| originates from the Pauli exclusion
principle, which describes an effective repulsion between

particles of identical spins; W brings a unidirectional

2
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3.10 3.12 3.14 3.16 3.18 3.20 3.22 3.24
nr

FIG. 3. The Monte Carlo simulations of the average “spin
dipole” (p) at L = 100 with different particle numbers. As 7, =
In(1 4 g/a) increases, (p)/L jumps from zero to a finite value,
indicating that the transition is of first order. (a),(b) shows the
configuration of the two phases. If a is fixed, the more localized
(b) phase emerges only when ¢ is big enough, which implies that
the many-body resonance is enhanced by the repulsive inter-
action.

attraction between opposite spins, with spin-up particles
preferring the left side of spin-down ones.

If V dominates, particles tend to uniformly distribute
along the ring, with a weak pairing tendency between
opposite spins to take the advantage of W, as depicted in
Fig. 3(a). Conversely, if W dominates, the system prefers
phase separation, such that nearly all spin-up particles lie
on the left of spin-down particles, making the configuration
in Fig. 3(b) more favorable. The competition between V
and W is investigated via Monte Carlo simulations with the
probability distribution Eq. (18). We consider the “dipole”
strength p = [1/(N/2)*] >_,; pij» where p;; is the dipole
between a spin-down and up particle located at x; and x;,
respectively,

lxij| <LJ2, 20

pij = {xij’
Y x,-j — Sgn(xij)L,

With this definition, —L /2 < p < L/2. The thermodynam-
ics average (p) is plotted in Fig. 3. As 7, increases, (p)/L
evolves from zero, which is consistent with Fig. 3(a), to a
finite value, illustrated in Fig. 3(b). The transition takes
places at 77, = 3.15. Note that n, measures the strength of
resonance, which is enhanced by the repulsive interaction
as shown in the two-body case. Therefore, the emergence
of the (b) phase demonstrates a many-body “skin effect”
driven by the repulsive interaction, which is in stark
contrast to the conventional NHSE [32-36].

The abrupt change of the dipole strength p at the
transition point indicates a first-order phase transition.

Let us gain a better understanding by introducing an
effective “temperature” defined as

pPp = e P,

in which f = 1 corresponds to the situation described by
Eq. (18). Consider the zero-temperature limit f — oo such
that the system freezees into the minimal energy configu-
ration of H. As an example, we examine the case of four
particles shown in SM Sec. III [44]. The energy minima at
small and large values of 7, are calculated, which correspond
to frozen configurations shown in Figs. 3(a) and 3(b),
respectively. The switch of minima occurs at 7, = 3.84,
roughly matching the transition point shown in Fig. 3.

Discussion and conclusion—We present a BA solution to
a 1D interacting spin-1/2 non-Hermitian system breaking
the inversion symmetry. The interplay between non-
Hermitian SOC and the repulsive interaction results in a
novel many-body resonance state. The complicated BA
wave function is simplified in the dilute limit, which is cast
into the Slater-Jastrow form. Its amplitude square is
mapped into a thermodynamic distribution, exhibiting
the competition between Pauli’s exclusion among fermions
of the same component and resonances between fermions
of different components. The former brings a repulsion and
the latter generates an unidirectional attraction. This com-
petition leads to a transition from a uniform configuration
with weak pairing tendency to a phase separation, showing
that the many-body resonance is enhanced by the repulsive
interaction.
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End Matter

As for experimental realizations, a 1D lattice
Hamiltonian was proposed in [48], in which the spin-
dependent coupling between two sublattices transfers the
onsite loss into the non-Hermitian SOC studied in our
work. Upon open boundary conditions, it exhibits a
spin-dependent NHSE, which is a signature of the non-
Hermitian SOC (more details are presented in SM
Sec. IV [44]). It is expected that upon turning on
repulsions and switching to the periodical boundary
condition, such a system will exhibit the many-body
resonance effect qualitatively similar to what we have
studied. Due to the sublattice structure, such a model is
no longer integrable. Further numerical investigations are
deferred to a later publication.

For realistic experimental systems with pure loss, the
dynamics should be governed by the Lindblad equation,
which is more challenging to solve compared to the non-
Hermitian Hamiltonian. Full treatment of this problem will
be deferred to future publication. Nevertheless, we believe
that the resonance effect derived from the many-body wave
function Eq. (16) is robust enough even under particle loss.
The key point is that the many-body resonance we identify

is not a property of a single many-body eigenstate
but is instead shared by all eigenstates. The robustness
of the many-body resonance is also evident within the
Lindbladian formalism. For purely lossy systems, the
eigenmodes of the Lindblad superoperator are linear
combinations of the basis constructed by the eigen-
states of the corresponding non-Hermitian Hamiltonian
[49]. Supposition of states within the same particle-number
sector preserve the resonance effect, since all the eigen-
states share a common Jastrow factor. As shown in
Eq. (16), the Jastrow factor is only determined by the
numbers of spin-up and spin-down particles and is inde-
pendent of the Bethe Ansatz quantum numbers. As the
particle number decays over time, it should exhibit a
distribution at each time. Because states in different
particle-number sectors do not have spatial interference,
the resonance effect is dominated by the most probable
sectors of particle numbers. Therefore, the resonance effect
should persist during particle loss, with quantitative mod-
ifications determined by the level particle-number
fluctuations.
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