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The symmetries of superconducting gap functions remain an important issue in iron-based superconductiv-
ity. Motivated by the recent angle-resolved photoemission spectroscopic measurements of iron-chalcogenide
superconductors, we investigate the influence of pairing symmetries on the topological surface state. If the

surface Dirac cone becomes gapped in the superconducting phase, it implies magnetization induced from
time-reversal symmetry-breaking pairing via spin-orbit coupling. Based on the crystalline symmetry constraints
on the Ginzburg-Landau free energy, the gap function symmetries are among the possibilities of A ;g £ iAzga),
Bgy £ iBogwy, OF Egp) £ iEy,. This time-reversal symmetry-breaking effect can exist in the normal state very
close to 7. with the relative phase between two gap functions locked at 47 .. The coupling between magnetization
and superconducting gap functions is calculated based on a three-orbital model for the band structure of
iron chalcogenides. This study provides the connection between the gap function symmetries and topological

properties of the surface state.

DOI: 10.1103/PhysRevResearch.2.022021

The discovery of iron-based superconductors [1] has
opened a new direction in the study of unconventional su-
perconductivity [2—4]. Significant progress has subsequently
been made in the search for new superconductors [5—19], and
their pairing mechanisms have attracted considerable atten-
tion [20-24]. The parent compounds are metals with multiple
Fermi surfaces around both I' and M points. The possibility
of the fully gapped extended sy-wave superconducting gap
function is supported by various experimental evidence and
theoretical calculations [25-33]. On the other hand, sev-
eral theoretical studies suggest that sy and d,»_» pairings
are nearly degenerate in the iron-pnictide superconductors
[26,34], leading to the possibility of a novel time-reversal
(TR) symmetry-breaking pairing s+ + id,>_,» [35]. It was
proposed that a resonance mode carrying the B, symmetry
[35,36], which can be detected via Raman spectroscopy [37],
exists if the s+ and d,»_, pairings are nearly degenerate.
TR symmetry-breaking pairing also naturally arises in mixed
singlet and triplet pairing states [38,39]. A chiral d + id
pairing state is also found to spontaneously generate the gaps
of the Haldane model [40].

Recently, the topological band structure of iron-based
superconductors has aroused a great deal of attention. The
FeSe,_,Te, family with a wide range of composition x is of
particular interest [15,16,41-48].

Recent evidence shows that FeSe 45Teg 55 is a strong topo-
logical insulator exhibiting a single Dirac cone on the (001)
surface [49]. When the temperature is lowered below T, =
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14.5K, both bulk and the surface become superconducting
[50,51]. The surface superconductivity is predicted to be
topologically nontrivial [45,46,52]. In the same system, Majo-
rana zero modes in vortex cores have been observed [53,54],
exhibiting the signature of spin-selective Andreev reflection
[55-57]. Similar evidence to vortex core Majorana modes is
also observed in the (Lig g4Feo.16)OHFeSe system [58].

However, the nontrivial topology of the surface super-
conductivity in FeSesTeps is mostly a property inherited
from the normal state band structure in a similar way to the
Fu-Kane proposal of two-dimensional topological supercon-
ductivity via the proximity effect [59]. It does not directly
reveal the symmetry properties of the superconducting gap
functions. It would be highly desirable if the topological
surface states could be used for phase-sensitive detections to
unconventional pairing symmetries [3,4]. In contrast, in a very
recent laser-based angle-resolved photoemission spectroscopy
(APERS) experiment on FeSe(3Teq7 [60], the surface Dirac
cone is observed to develop a gap as the system enters
the superconducting state. The surface Dirac point is well
below the Fermi energy. Thus the splitting cannot be the
superconducting gap, but implies TR symmetry breaking in
the spin channel, directly correlated with the superconducting
transition. In earlier literature, both TR symmetry-breaking
pairing of the types s 4 id [35,61-64] and s 4 is [65-68] have
been proposed. However, in both cases magnetization only
appears around impurities.

In the present work, we investigate how the topological
surface states are affected by TR breaking gap functions,
which in turn constrain the possible pairing symmetries. Note
that the degenerate Dirac cone in the surface state is protected
by TR symmetry in the normal state due to the nontrivial band
structure topology. Nevertheless, if the superconducting state
breaks TR symmetry, the degeneracy of the Dirac cone is no
longer protected in the superconducting state. By employing
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FIG. 1. Sketch of the surface spectra near the I" point. (a) In the
normal state (T > T.), due to the nontrivial band structure topology, a
surface Dirac cone develops inside the bulk band gap. (b) The surface
state spectra in the superconducting state (7' < 7). Two gaps appear:
the superconducting gap at the chemical potential . and the splitting
of the Dirac cone due to the magnetic-order-breaking TR symmetry.

(@) T>T,

the Ginzburg-Landau formalism, we explore possible TR
breaking gap functions which can induce magnetization via
spin-orbit coupling to split the degeneracy at the surface Dirac
point. Based on crystalline symmetry analysis, the supercon-
ductivity gap symmetries include the possibilities of Ajg,) &=
iAZg(u), Blg(u) + l'Bzg(u), and Eg(u) + iEg(u). In the normal state
sufficiently close to T, the relative phase between two gap
functions can still be locked at 75 even though neither of
them is long-range ordered. Calculations based on a three-
orbital model are performed to derive the coupling between
magnetization and superconducting gap functions. In doing
so, our study bridges the topological properties of the surface
state and the pairing symmetries of the superconducting gap
functions.

We begin with a discussion of the splitting of the surface
Dirac cone in the superconducting state. In the FeSe;_,Te,
materials, the degeneracy of the surface Dirac point is
protected by the band topology if the normal state maintains
TR symmetry. Consequently, a surface Dirac cone appears at
the ' point, as shown in Fig. 1(a), described by an effective
k - p Hamiltonian H,; = v(k.0, — k,0,) — i, where o’s are
Pauli matrices defined for the Kramers doublet at the I" point
and p is the chemical potential. A superconducting gap A by
itself, i.e., Hr = —pu + Aw_ + A*w, where wiy = w, £ iw,
are Pauli matrices in the Nambu space of the particle-particle
channel, does not lift the degeneracy. To split the degeneracy,
a mass term breaking TR symmetry is necessary, i.e.,
AHr = —m;o,, and the associated Bogoliubov spectra
become +m, + /|A|* + u? around the ' point. The sketch
of the Bogoliubov dispersion is illustrated in Fig. 1(b) with
both particle and hole branches. The mass term corresponds
to a splitting between two eigenstates of o,. Since no
magnetic field is applied, m, should arise from the Weiss
field of a ferromagnetic ordering along the z axis induced by
superconductivity.

Now we examine how the ferromagnetic order m, can be
induced in the superconducting state. Apparently, this requires
the spontaneous breaking of TR symmetry. Indeed, within the
Ginzburg-Landau (GL) formalism [2,35,38,69,70], it has been

shown that the mixing between two gap functions A », which
are TR invariant by themselves and possess different pairing
symmetries, leads to the spontaneous TR symmetry breaking.
The corresponding physical consequences were studied in
the case of iron-based superconductors. A, cannot form a
symmetry invariant at the quadratic level, but they do at the
quartic level via

Fy = BIAPIAP + B/(AT?A3 +cc.). )

The B’ term locks the relative phase between two gap func-
tions, which equals 8| A;|?|Az|? cos 2A@, where Ap = ¢ —
¢, and @) » are the phases of two gap functions. When 8’ > 0,
Ag is pinned at +Z, giving rise to complex gap functions
Ay £iA,, which break TR symmetry spontaneously. This
formalism also applies to the case in which A;; form a two-
dimensional (2D) irreducible representation. The complex gap
functions A £iA, distribute more evenly over the Fermi
surface than the real ones A; £ A,, and hence, they are
energetically more preferable at the mean-field level [38]. The
corresponding Cooper pairs carry nonzero orbital moments,
which could generate magnetic fields at boundaries as shown
earlier [69,70]. However, these magnetic fields are typically
of the order of 1 Gauss, for which the Zeeman energy is
negligible. Instead, here we consider the spin magnetization
m; coupling to A, through a cubic term as

Fu = am? + iymy (A1 Ay — ATA,), 2

This satisfies both the U(1) and TR symmetry. o > 0 is
assumed in Eq. (2), and hence there is no spontaneous mag-
netic ordering by itself; rather, the magnetization is induced,
m, = §|A1A2| sin Ag, i.e., by coupling to the TR breaking
superconducting orders. The sign of m, is determined by the
relative phase Ag between A 5.

The free energy density F, of Eq. (2) is further required to
satisfy all crystalline symmetries. At elevated temperatures,
the pristine FeSe and FeTe crystals are layered quasi-2D
systems, whose Bravais lattices are primitive tetragonal. They
exhibit a trilayer structure with each unit cell consisting of
two Fe cations and two Se(Te) anions: A square lattice of Fe
cations in the middle layer sandwiched between two layers
of Se(Te) anions in a V2 x /2 structure. The Se(Te) lattices
above and below the iron planes are offset by one Fe-Fe bond
length, and their projections are at iron plaquette centers. The
crystalline space group is the nonsymmorphic one P4/nmm
[16,43,50,51], which is reviewed in the Supplemental Mate-
rial (SM) [71]. It can be decomposed into 16 cosets: 8 of them
are denoted as g;7 where T is the translation group of the
primitive tetragonal lattice and g;(i = 1 ~ 8) span the point
group Cy, centering at Se(Te) anions, and the other 8 cosets
are /g;T by further applying the inversion / with respect to
the Fe-Fe bond center. In the actual experimental systems of
FeSe, Te;_,, the distribution of Se and Te breaks the P4/nmm
symmetry; nevertheless, this effect is weak after averaging
over random configurations and will be neglected below.

As shown in Fig. 2, the rotations with respect to Se/Te
and Fe are fourfold and twofold denoted as C4(z) and C>(z),
respectively. The point group symmetry centering around the
Fe cations is D,,. The vertical reflection planes along x, y are
denoted as oy, oy and along the diagonal lines x" and y’ are
denoted as o and oy, respectively.
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FIG. 2. Sketch of the lattice structure of a trilayer FeSeTe unit.
The z axis is perpendicular to the plane. The P4/nmm space group
contains the Cy, point group symmetries centering at Se(Te) anions,
the D,, symmetries centering at Fe cations, and the inversion sym-
metries  with respect to the Fe-Fe bond centers.

We consider the order parameter properties under the crys-
talline symmetries. In multiorbital systems, the superconduct-
ing gap function is expressed as

A=) 5 OMYy Ay ai(K), 3)
k

where repeated indices mean summation; a, b refer to the
orbital band components and i, j are the sublattice indices of
two Fe cations in one unit cell; T isa2 x 2 matrix representing
the sublattice channel; f’(k) is the angular form factor of
momentum k and M! is the pairing matrix in the orbital
channel; and / is the index for multiple combinations between
f!(k) and M'. The pairing matrix is defined as Apjai(K) =
Dk ioy,aﬂ(|c£’abjcik’ﬁai|), where io, projects out the singlet
pairing with Greek indices representing spin components, and
(|]) represents averaging over the thermal equilibrium state.

As required by Fermi statistics, for spin-singlet pairing,
the product 7;; f(k)M,, in Eq. (3) needs to be even under
the combined operations of k — —k and the transposes of
M and 7. f(k) can be an even function taking the forms of 1,
cos k, £ cosk,, cosk, cosk,, sink, sink,, cos(k, £ k), or an
odd function among sin k., sin k,, and sin(k, & k,). We choose
the three ,g-orbital bases, d, dy, and d,,, where dy.(dy)
extends along the diagonal x'(y’) direction as depicted in the
SM [71]. Hence, M is a 3 x 3 Hermitian matrix which is
expanded in terms of the Gell-Mann matrices A;(i = 1-8)
under the basis in the sequence of (dy,dy, dy,), and the
3 x 3 identity matrix Ao, whose expressions are presented in
the SM [71].

The representation of a gap function under the crystalline
symmetry group is determined by the symmetry properties
of f(k), M, and 7 as analyzed and presented in the SM
[71]. Their possible symmetries are denoted as Ajgx, Azg),
Bigw)» Bagwy, and Eg,), respectively, where g and u represent
even and odd parities, respectively. The A, B, and E symbols
represent the discrete angular momentum; loosely speaking,
they are analogs to the s-, d-, and p-wave symmetries, respec-
tively. A; and A, exhibit even and odd parities under vertical
reflection planes; for example, the ferromagnetic order m,
carries the A, symmetry. By and B, are analogous to the
dyy and d>_» symmetries, respectively, exhibiting opposite

FIG. 3. The real space orbital configurations for the singlet pair-
ing on a square plaquette of the Fe cations. The By, (a) and B,
(b) pairings across the NNN and NN bonds, respectively, and their
Fourier transforms give rise to the gap functions in Eq. (4). The A,
(c) and A,, (d) pairings across the NNN and NN bonds and their
Fourier transforms give rise to gap functions in Eq. (5). Starting with
the configuration of the first picture of each row, the subsequential
configurations can be obtained by successively applying fourfold
rotations.

parities under the o, and oy, operations. Symmetries
of singlet channel gap functions are classified accordingly:
The next-nearest-neighbor (NNN) pairings are summarized in
Table III and the nearest-neighbor (NN) pairings in Table IV
in the SM [71]. Different combinations of f(k), M, and t
often lead to the equivalent symmetries, and in general, the
existence of one can induce others in the same symmetry
class.

Many orbital-dependent gap functions have been proposed
in the literature [72-75], and their importance has been ana-
lyzed in recent experiments [76,77]. Because of the multior-
bital nature, the gap functions rigorously speaking cannot be
intuitively represented by the partial-wave channels alone, i.e.,
the symmetry of the angular form factor f (k). For example,
consider the following two gap functions with even parity,

Ay :cosk,coskyToh, Aj :cosk, coskyToAs, “)

which carry the d,,- and d,>_,-like symmetries, or, more
precisely, By, and By, symmetries, respectively, although their
angular form factors are s-wave like. They involve the intra-
and interorbital pairings between the d,; and d, orbitals as
shown in Fig. 3(a) and 3(b). Since d,; — d,; and d,; — —d,.
under the 90° rotation, A;3 transform analogously in the
d-wave way. By examining their reflection symmetries, they
belong to the B, and By, symmetries. By similar analysis, the
following gap functions exhibit the A, and A,, symmetries,
respectively, or, loosely speaking, the s-wave symmetry, in
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spite of their d\>_,» angular form factor:

Ay i (cosky —cosky)Tid3, Ay :(cosk, — cosky)TiAl.

&)

Their orbital configurations are shown in Figs. 3(c) and 3(d).
Furthermore, there can exist p-wave-like pairing symmetry or
the E, symmetry in the singlet pairing channel,

Ay i cos(ky + ky)Tors,  Ap :cos(ky — ky)Tols, (6)

The former (latter) describes the pairing between the d,.-
orbital (dy ;) with the dy, one.

The crystalline symmetries impose stringent constraints
to the superconducting gap functions. According to Eq. (2),
the direct product of the irreducible representations of A
and A, should contain that of m_, i.e., Az,. This yields the
following possibilities of pairing symmetries: Bjg(,) &= iBag(u)»
Ajgw) £ 1Ay, and Egy) = iEy,). Examples of the above
pairing symmetries with even parity are provided in Egs. (4),
(5), and (6). They carry the same symmetry under rotation,
and hence the experimental observables do not break the
rotational symmetry. However, they mix different symmetries
with respect to the vertical reflection plane, and such sym-
metries are also spontaneously breaking. For example, the
magnetization m;, is odd under such reflections.

An important issue is that spin-orbit coupling is neces-
sary to break the SU(2) symmetry such that the ferromag-
netic order m, and superconducting orders A;, can couple,
since the former and latter are in the spin triplet and sin-
glet channels, respectively. We employ a widely used three-
band model for the topological band structure of FeTe;_,Se,
around the I' point, which consists of the 1, orbitals
dy;, dy;, and d,, [45,52]. Neglecting the small dispersion
along the z axis, the three-band tight-binding Hamiltonian
is expressed as [78] Hy = ), ¥ (k)Y Ho(k)y (k), where ¢ =
[dyz g, dyzp, diy g, dezy, dyz s dy, i]T and the matrix kernel
Ho(k) is given by

Ho = Hanw + Han + Hoocs )

where Hnnn and Hnn represent the NNN and NN hoppings,
respectively, with detailed forms presented in the SM [71].
Hsoe = )\.SOC‘L'OZ, - 0 is the atomic spin-orbit coupling with Ay
being the coupling strength and L representing the onsite or-
bital angular momentum projected to the 1, basis. Explicitly,
L =[(s = 21)/V2, =(hs + 29)/N2, =2al.

Based on the band structure, Eq. (7), the coupling coeffi-
cient y in Eq. (2) can be evaluated as

1
y =5 L A0S OT{GM GoGM] @)

k,w,

where 8 = 1/(kgT) is the inverse of temperature; fil’ and
Mf‘ with i = 1,2 are the angular form factors and orbital
pairing matrix kernels of Aj,, respectively; G.(k, iw,) =
[iw, — Ho(k)]~" is the Matsubara Green’s function with w, =
2n+ D /B and Gy(k, iw,) = Gi(—K, —iw,). As shown in
the SM [71], the hole-like Fermi pockets around the I" point
are mainly from the bonding states between two Fe sub-
lattices; i.e., they are approximately eigenstates of t; with
the eigenvalue of 1. Hence, only tracing over the spin and

orbital channels are needed, and only these gap functions
characterized by 1| are considered. Gap functions with 1; 3
are pairing between bonding and antibonding states between
twosublattices, which will be neglected below.

Next, we present the examples of gap functions A,
leading to the spontaneous magnetization m,. We begin with
the cases of Bjg) & iBagw). For parity even, i.e., Big & iBog,
we take A, in the form of Eq. (4). As shown in the SM
[71], after further reducing the band Hamiltonian Eq. (7) to
a two-band model only based on dy(y),, Eq. (8) yields an
analytic expression as

~ _75(3) )VsocNO
43 (kpT.)*’

with Ny being the density of states at the Fermi surface.
Since m, is induced by the TR breaking pairings via spin-
orbit coupling, the coupling coefficient y is proportional
to the spin-orbit coupling strength. A calculation based on
the three-band Hamiltonian is also performed numerically,
which yields consistent results (see the SM [71]). The parity-
odd case, i.e., By, £iBy,, is also numerically checked to
yield a nonzero y, for example, with A; : to[sin(k, + k)17 +
sin(ky — ky)As] and A; : to[sin(k, + ky)As — sin(k, — ky)A7].
The above two cases also break the mirror symmetries of oy
and o,y spontaneously. They are topologically nontrivial,
belonging to the C class supporting the chiral Majorana
edge modes [79-82]. We have also studied both cases of
Ay £ iA2ga), Which also yield nonzero y’s as shown in
the SM [71]. The nodal pairing gap functions presented in
Eq. (5) are used for the even-parity case, and the node-
less pairing with Ay : to[sin(k, + k,)As + sin(k, — k,)A7] and
A : to[sin(k, + ky)A7 — sin(k, — k,)As] are used for the odd-
parity case. For the case of E,,) & iE,), we take the gap
functions presented in Eq. (6) as an example. Since Eg,) ®
Egu) = A1y @ Asg @ Biy @ By, it also yields a nonzero y as
calculated in the SM [71], and consequently induces magneti-
zation.

In strongly correlated superconductors, there exist strong
superconducting phase fluctuations in the normal state close to
T, [83]. In this case, the phases ¢ and ¢, of gap functions are
disordered such that (A ») = 0, but |A »| remains finite. The
B’ term in Eq. (1) can still pin the relative phase Agp = £7.
This transition breaks TR symmetry and its critical tempera-
ture T’ > T.. We still expect a weaker but still finite m, in the
temperature window between T, and 7’.

The bulk spin magnetization induced by TR-breaking pair-
ing qualitatively explains the gap opening of the surface Dirac
cone observed in the FeSe(3Tep; superconductor [60]. We
next briefly discuss the issue of the possible magnetic field
generated by the bulk magnetization. Its upper bound is esti-
mated to be 15 Gauss (see the SM [71]), which is still smaller
than the lower critical magnetic field of the FeSe,_, Te, super-
conductors (H.; ~ 30 Gauss) [84,85]. The actual field due to
spin magnetization should be much smaller than this bound;
hence, it can be offset by the orbital magnetization such that
the total magnetic field remains zero in the Meissner state
[86,87]. This is consistent with the observation that neutron
spectroscopy does not detect a bulk magnetic field [88]. A
very weak but finite internal magnetic field around 0.15 Gauss
is detected in the FeSe superconductor by the muon spin

(€))
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rotation measurement («SR) [89,90], which may arise from
the imperfect screening due to impurities and domains.

Discussion and conclusion. In this article, we have stud-
ied how the TR symmetry-breaking superconducting states
can gap out the topological surface modes in the iron-
chalcogenide superconductors. Spin-orbit coupling is neces-
sary to break the SU(2) symmetry in the spin channel, such
that it bridges the magnetic ordering and the TR breaking
pairing states. Three classes of gap function symmetries
can lead to such an effect based on group theory analyses:
Alg(u) + iAzg(u), Blg(u) + iBzg(u), and Eg(u) + iEg(u). In Stl"OIlgly
correlated superconductors, the superconducting phase fluctu-
ations can also lock their relative phase at =%, breaking TR
symmetry in the normal state.

This work builds connections between pairing symmetries
in iron-based superconductors and their topological band
structures. In particular, it is helpful for understanding the
superconductivity-induced gap opening for the topological
surface state recently discovered in the FeTey 7Seq 3 [60].

Note added. Recently, we became aware of a work by
Kawakami and Sato [91] which mainly discusses the topo-
logical odd-parity superconductivity in iron-based supercon-
ductors.
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