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Recently, the bilayer perovskite nickelate La3;Ni,O; has been reported to exhibit high-temperature supercon-
ductivity near 80 K under a moderate pressure of about 14 GPa. To investigate the underlying pairing mechanism
and symmetry in this complex system, we propose and analyze a mixed spin-1 and spin-% bilayer ¢-J model in
the strong-coupling regime. This model explicitly incorporates the crucial role of strong Hund’s coupling, which
favors the formation of local spin-triplet states from the two on-site E, orbital electrons at half-filling. We further
investigate the model using both slave-particle mean-field theory and the density matrix renormalization-group
method. Our simulation results reveal that the dominant pairing channel is the interlayer one in the 3d,2_,
orbital. Hund’s coupling is shown to enhance superconductivity within a reasonable physical range. Moreover,
electron doping strengthens superconductivity by increasing carrier density; in contrast, hole doping weakens
superconductivity. These findings offer critical insights into the unconventional superconductivity of pressurized
La;Ni, O, and underline the important role of orbital-selective behavior and Hund’s rule.
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I. INTRODUCTION

The discovery of high-T, superconductivity (SC) with crit-
ical temperature 7, =~ 80 K in the bilayer perovskite nickelate
LasNiyO; under pressure [1-10] has garnered widespread
attention, both experimentally [11-41] and theoretically
[42—-103]. More recently, the observation of ambient-pressure
SC with T, ~40 K in thin-film samples has attracted further
attention [104—111]. These findings highlight the potential of
nickelates as a new platform for exploring unconventional
superconductors, particularly as analogs to the extensively
studied cuprates [112-117]. In cuprates, doping introduces
holes into the oxygen 2p orbitals, which form Zhang-Rice
singlets with localized 3d,»_,» orbital spins in the Cu?t
ions [118]. The suppression of long-range antiferromagnetic
(AFM) order under doping leads to d-wave SC [112,113]. A
similar scenario has been proposed for infinite-layer nicke-
lates such as Nd;_,Sr,NiO, [119-121]. However, La3zNi, O
presents a more complex challenge due to its bilayer struc-
ture, unusual orbital filling, and strong electron correlations.
Moreover, the T, of the thin film at ambient pressure is much
lower than that of the pressurized bulk La3Ni,O;. There-
fore, it is still necessary to understand the high 7, above the
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boiling point of liquid nitrogen in pressurized bulk LazNi,O;
by studying its pairing mechanism.

Recent theoretical and experimental studies have in-
dicated that pressurized La3;NiO; exhibits remarkable
orbital-selective strong-correlation effects: According to first-
principles calculations based on density-functional theory
(DFT), the low-energy physics near the Fermi level are
dominated by Ni-3d.» and Ni-3d,>_,> orbitals, with occupan-
cies of approximately one-half and one-quarter, respectively
[42,48-50,75-80]. A range of experiments have demonstrated
the strongly correlated characteristic of the bilayer nicke-
late material [14,15,19-21,23,24,26,30]. For instance, optical
measurements report a notable reduction in electron kinetic
energy, indicating proximity to the Mott phase [21]; angle-
resolved photoemission spectroscopy (ARPES) experiment
reveals pronounced orbital-selective band renormalization
[23]; a linear temperature dependence of resistivity points to
“strange-metal” behavior [2]; and the transport measurements
of resistivity and magnetoresistance confirm Kondo-like scat-
tering [26]. Together, these findings suggest that La;Ni, O
under pressure may provide a novel platform for exploring the
interplay between orbital selectivity, strong correlations, and
Hund’s coupling.

At present, the pairing mechanism in pressurized
LasNi,O; remains an open question due to its com-
plex electronic nature [42,45-62,64-71,73-83,85,86,89—
91,97,102]. A key issue among theoretical proposals is de-
termining which orbitals are most relevant for the SC.
Some perspectives suggest that the SC of pressurized
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La3Ni, Oy is significantly related to hybridization between the
nearest-neighbor (NN) 3d,> and 3d,._,» orbitals [51-53,81—
83,85,86,90], while others emphasizé the critical role of
Hund’s coupling in driving the superconducting behavior
[47,58,60,67,68,70,71,73,81,83,86,90,91,94]. There is also a
possibility that both factors are involved.

In this work, we propose and study a mixed spin-1 and
spin-% bilayer Ec-orbital z-J model, incorporating the spin
coupling among and between the two orbitals. This model
establishes a strong-coupling framework for identifying the
dominant pairing channel in the bilayer system, while explic-
itly linking Hund’s rule to superconducting strength. We solve
the ground-state properties using the slave-particle mean-field
(SPMF) [113,122] and the density matrix renormalization-
group (DMRG) [123,124] methods. The numerical results
reveal a phase diagram where the dominant pairing occurs in
the interlayer 3d,>_,»> orbitals. Hund’s coupling Jy promotes
SC pairing and attracts a few 3d,.-orbital electrons to the
3d,>_y» orbital. The effect of doping is further explored, where
electron-doping will enhance the SC pairing.

The remainder of this paper is organized as follows. Sec-
tion II introduces the effective strong-coupling #-J model
Hamiltonian. Section III details the SPMF analysis and the
pairing nature. Section IV presents the DMRG calculations.
Finally, Sec. V summarizes our findings and provides con-
cluding remarks.

II. EFFECTIVE BILAYER TWO-ORBITAL MODEL

The electronic characteristics of the bilayer Las;Ni,O;
under pressure are predominantly influenced by the d,>_
and d,. orbitals within the NiO, planes, which are naively
quarter-filling and half-filling, respectively. The d,>_,» orbital
is primarily responsible for in-plane conduction and domi-
nates the electronic states near the Fermi level, contributing
to the metallic behavior observed in the normal state. On the
other hand, the d, orbital is more localized, with its lobes
extending out of the NiO; planes, thereby mediating the inter-
layer coupling between adjacent NiO, planes, and it leads to
the formation of bonding and antibonding states [1].

The electronic properties of the bilayer La;Ni,O; are de-
scried by a two-orbital Hubbard model on the bilayer square
lattice given as Hyubbara = H; + Hine. Here, the kinetic part is
given by

H = Z €aliyao — Z t)‘(‘x(c;ﬂmcjﬂm +H.c)

inoo (ijypuo

— Z th(c} o Ciuxe + (2 < x) + He)
(ij)uo

- Z tZ”Z(Cngcjuza +H.c.)

(ij)uo

a Z t;(czzgcibza + H.C.), (1)

where ¢!

iuao CTCAtEs an o = {d»(2), dy>_y2(x)}-orbital electron
with spin o = {1, |} at the lattice site i in the layer u =
{top(z), bottom(b)}; (ij) represents the intralayer NN bonds;

tl., ), 1) and ¢z are hopping integrals as shown in Fig. 1(a),

anti-bonding

bonding | ~""" Hund

3dx2—y2
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FIG. 1. (a) Schematic illustration of the d» and d,»_» orbitals
within the bilayer structure of the nickelate La;Ni,O;, including
the relevant hopping integrals. (b) Strong interlayer hybridization
splits the d-band into lower-energy bonding and higher-energy
antibonding bands, respectively. The bonding band is energetically
favored. Due to strong Hund’s coupling, electrons occupying the d >
and d»_,» orbitals tend to form a spin-triplet state.

of which 1], represents the nonzero NN hybridization between
the two E|, orbitals, exhibiting opposite signs along the x- and
y-directions due to the symmetry constraint, ¢/, = —tzﬂw
tl; the interlayer hopping of the d,>_,» orbital is negligibly
small due to its wave-function distribution; and €, denotes the
on-site energy for each orbital.

The interacting part for the two-orbital system is given by

Hlm =U Z Nipat Nipa ], +V Z Nipzo Nipxo!

ipo inoo’
1
- 2JH IXM: Sip,z : Siux + Zniuzniux

+ JH Z(C;MZTC:MZLCULX\LCUMT + HC) (2)

ip

¥

Here, Siuo = %cmw[a]m/cmwr is the spin operator with

Pauli matrices o = (0y, 0y, 0;), Nipao = c;."uwcmm, is the par-
ticle occupancy number operator, and U and V represent the
on-site intra- and interorbital Coulomb repulsions, respec-
tively. Hund’s coupling Ji consists of the spin exchange (third
term in the second line) and pair-hopping (fourth term in the
third line) terms. The pair-hopping term can be omitted when
the on-site intraorbital no-double-occupancy condition is im-
posed. The spin-exchange part favors a spin-triplet formation
between the d» and d,>_» electrons at the same site, as shown
in Fig. 1(b). The condition of orbital rotational symmetry
induces U =V + 2Jy [125].

In the strong-coupling limit, the large on-site Hubbard
repulsion U prevents the formation of double occupancy for
each orbital. When both the d> and d\»_,> orbitals are singly
occupied on the same site, Hund’s rule energetically favors the
formation of an interorbital spin-triplet (S = 1) state. Consid-
ering these constraints, the relevant low-energy local Hilbert
space at each site comprises eight possible configurations,
depicted in Fig. 2.

Treating the kinetic hopping terms as perturbations to the
dominant interaction terms, an effective low-energy Hamilto-
nian can be derived via the superexchange mechanism using
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FIG. 2. The low-energy local Hilbert space within a Ni site for the two E, orbitals (d,> and d,2_,») in the strong-coupling limit upon doping
Ni 3d® states, relevant for the derived £-J model. It comprises the double-hole state, spin—% singlons, and spin-1 triplet doublons. States with
double occupancy within the same orbital are projected out due to strong Coulomb replusion, leaving these eight configurations as the effective

basis.

the standard second-order perturbation theory. This procedure
yields an effective bilayer ¢-J-type model that describes the
dynamics of the allowed local stats, including spin-% singlons
(single occupancy in either d or d»_y») and spin-1 triplet
doublons (single occupancy in both orbitals). The resulting
Hamiltonian is given by

H=H+H +H"+V Y Nizohipo

inoo’

1
- 2JH Z <Siu_z : Siux + Zni/LGiux> (3)
in

where H, represents the effective hopping terms (projected
onto the restricted Hilbert space); H J” and H f contain the
intralayer and interlayer superexchange interactions, respec-
tively. The V- and Jy-terms account for the interorbital
Coulomb repulsion and Hund’s coupling, respectively, which
influence the local energy of each configuration in Fig. 2.
The intralayer superexchange Hamiltonian takes the form

1
Z JH ( inz * Sjpz — Z”iuz”mz)
I !
+ Z J mx : j;uc - Zniuxnjux

+ > JL(S

1 .
uz Sjux - Zniuznj/f,x + (< ]))
hm

1
+ %Ji"d (Siud “Sjnd = Z”iud”jud)

1 . .
+ Z Jsz inz *Sjud — Z”iuznjﬂd + (i < J)>

(ij)p
1 .
Z JH ( ipx * Sjptd - Zniwcnjud + (l <~ J)) (4)

Here, S;. (with o = z or x) represents the spin-% operator
when there is only one electron occupying the d or d,>_yp
orbital, respectively. n;, = D, Niyeo represents the total par-
ticle number of the « orbital at the site i in the layer u.
Siua represents the spin-1 operator under Hund’s rule when
both the d. and d,»_, orbitals are singly occupied, and
Miud = Y, Nipe 1S the total particle number of the site i in
the layer u under this occupation. The various superexchange

parameters J quantify the effective antiferromagnetic spin
couplings between different types of local states across NN
bonds; for example, JZ”d describes the intralayer spin coupling
between a d singlon and a triplet doublon. Explicit expres-
sions relating these spin-exchange J parameters to the original
Hubbard model parameters are provided in Appendix A.
Similarly, we can also derive the interlayer superexchange
Hamiltonian:

1
Hi = Zfi (Sitz - Sip; — Znizznihz>
Z‘Idd< itd * Sibd — _nztdnzbd>
1
Sltz ibx — 4nll7nlb)( + (t <> b)
1
Szrz ibd — anlznlbd +(t < b)

+ Z‘]xd< itx * lbd - _nztxnzbd + (t <~ b)) (5)

Various interlayer superexchange parameters J are defined
in a similar way to those of the intralayer ones, and their
expressions are also derived in Appendix A. The interlayer
superexchange within a rung for the singly occupied d,2_,.-
orbital spin-% approximate to 0 due to the negligible interlayer
hopping between them. To demonstrate the validity of the per-
turbation theory, we also solve the two-orbital Hubbard model
combining Egs. (1) and (2) on small-sized lattices of small
sizes using exact diagonalization (ED) and DMRG methods.
The results are provided in Appendix C.

We adopt the data obtained from the DFT calculations
[42] as input physical parameters for H,. The intralayer hop-
ping parameters are £, = 0.110eV, 7!, = 0.239¢V, and 1], =
0.483 eV. The interlayer hopping for the d,» orbital is tsz_ =
0.635¢V, while the ones involving the d,»_» orbital nearly
vanish. The on-site energies are set to ¢, = 0.409eV and
€, = 0.776eV. With the relationship of interaction strengths
U =V + 2Jy [125], the on-site Coulomb repulsion is chosen
as U = 5eV, and Hund’s coupling J; ranges from % to &
approximately.

214515-3



JI, LU, SHAO, PAN, YANG, AND WU

PHYSICAL REVIEW B 112, 214515 (2025)

III. SLAVE-PARTICLE MEAN-FIELD STUDY

In this section, we present the construction of the physical
Hilbert space and apply the slave-particle mean-field theory to
study the superconducting state.

A. Constructions of physical states

Within the framework of the slave-particle method, the
restriction to the physical Hilbert space can be systematically
imposed. The fully empty 3d° state is defined by acting with
the holon creation operator hfu on a fictitious vacuum state,

lempty) i = A}, [vac) . (6)

where |vac) represents the vacuum of slave particles and lies
outside the physical space. For simplicity, the on-site energy
of the empty state |empty);, in the atomic limit is set to zero,
and its occupancy number is denoted by 7.

The four singly occupied 3d” states, corresponding to the
spin—% singlon configurations shown in Fig. 2, are represented
using bosonic spinon creation operators,

1) = by IVaC)in,

Wi = bl Vachi, (D)

|Tz)ip. = b;-rMZHVaC)m,
Ndin = b],.., [vac)u,

where b/

{0 1S @ creation operator of bosonic spinon, acting

on the vacuum state to generate four spin—% configurations.

The occupancy numbers for these singly occupied state are
fi, and 7i; for the 3d,>_,» and 3d orbitals, respectively. The
corresponding spin-% operators are defined in the conven-
tional manner. For instance, the spin operator for a state
with only the d,»_y» orbital occupied is given by S;,, =
%bjwm [0]50'biuxs’» Where o = (oy, 0y, 0;) are the Pauli ma-
trices. The on-site energy of the singly occupied state in the
d, orbital is set to zero, while for the dxz,yz orbital, a finite
energy difference A, = €, — ¢ is considered.

For the three 3d® spin-1 triplet doublons, we employ
a three-component Schwinger fermion representation. The
Schwinger fermion fi, = (fiu.+1, fin.0» fin.—1)! labels each
spin projection:

|+ Dip = Sy +11vaC)in
10)i,e = fif, olvac)iu.
| = D = £, _ Ivac)iy,. (®)
The corresponding spin-1 operators are expressed as
St a = FiSefiu = V2(f], 1 fiwo + £l ofiw—1):
Siua = FiuS—tfiw = N2 Ly o w1 + Ly 1 fino),
Sfpd = fiLSzfiu = fiL,Jrlfiu.-t-l - fiL,flfl'Mw—]’ (C))

where the ladder operators are S'li = S‘j‘ﬂ + iS'f 0 and the ma-
trices {Sy, S_, S;} form the spin-1 irreducible representation
of the SU(2) generators. The occupancy number of these
spin-triplet states is denoted as ;. The on-site energy of these
spin-1 states is set to V — Jy + A,.

The original electron operators can be expressed in terms
of these slave particle operators. For example, the creation

/—N
d® d’
Layer-1
spin-1 3d,2_ spin—%

spin-1 spin-=

1
2

y? ;
3d,2
Layer-2
FIG. 3. Schematic illustration of the two types of interlayer
singlet bonds formed on a rung (vertical pair of sites) driven by
strong interlayer superexchange. Left: A spin-1 singlet bond formed
between two local spin-triplets (characteristic of the d® electronic
configuration). Right: A spin-1 singlet bond formed between two

localized spins (predominantly d.» electrons, characteristic of the d’
configuration emerging upon doping).

operator for a d,»_y»-orbital electron at site i in layer u with
spin 1 is

Fa = b Lt b b h 10

Ciuxt = S s1Dinzt + ﬁfm,o inzd T Oiep i (10)

with similar expressions for the spin-| state and the d,. or-
bital. To preserve fermionic statistics, we assign fermionic
statistics to both f- and h-operators, while the b-operators are
bosonic. The physical Hilbert space is further constrained by
the following local condition:

fiL,Jrlﬁu,H + fi;,OfinO + fi-L,—lﬁuﬁl

+ ]’l;ﬂhm + b:'rubeil/’XT + b:'ruxibill’xi
+ b;usz’VzT + b;uzlbi”zi =1 an

which corresponds to a local U(1) gauge symmetry associated
with charge conservation. For an averaged 3d” configuration
relevant to La3;NiyO7, the occupancy numbers are further re-
lated by 7i; — i1, = 0.5.

B. Correlated pairing—Mixed spin-1 and spin-% valence bonds

When interlayer superexchange dominates, the two local-
ized spin-triplet states along a rung tend to form a spin-1
singlet bond, as illustrated in Fig. 3. The corresponding rung
spin-singlet pairing operator at lattice site j is given by

1 . +
F; = ﬁ(fj'r,l ij,—l - fj’t,ijb,O +f;z.—1f;b,1)' (12)
This describes the formation of a spin-1 singlet bond between
neighboring sites j¢ and jb on a rung. In the mother 3d® con-
figuration, the system forms a spin-1 interlayer valence-bond
solid (VBS) state, where the four electrons residing in the two
E, orbitals are strongly entangled, forming an interlayer spin
singlet on each rung.

In the case of La3zNi,O;, however, the actual electronic
configuration is closer to 3d7>, where additional holes
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FIG. 4. Schematic diagrams for the conventional BCS pairing
(a) and the correlated pairing given by Eq. (14) (b). The former is
represented as a coherent superposition of a fully paired electron
state and the vacuum state. The latter is a superposition of two
valence bond singlets composed by a pair of spin-1 and a pair of
spin—% states, respectively. The blue circles represent the d> orbitals,
while the orange ones represent the d,»_,» orbitals. |1, 0) means a
triplet with total spin S = 1 and total z-component spin S$°.

prefer to occupy the d,>_,» orbitals. This emergence of SC in
La3Ni,O; under pressure can be considered as doping the d®
spin-1 VBS state. Upon doping, the spin-triplet configuration,
characteristic of the 3d® VBS, largely reduces to a 3d’ spin-%
configuration, predominantly involving the d,. orbital elec-
tron. As a result, the occupancy number of the spin-1 states,
denoted np, is approximately 0.5, and the occupancy number
of the spin-% states in the d,» orbital, n,, is similarly around
0.5. Consequently, the strong interlayer exchange Jé drives
the formation of a spin-% singlet bond along the rungs:

p 1

V2
where the d,»_,» orbital remains essentially empty on the
rungs. This description captures the fundamental change in
the electronic structure as the system transitions from a spin-1
toa spin-%-dominated regime.

The nature of superconducting pairing in this doped spin-1
VBS state is fundamentally different from that of Cooper pairs
in a Bardeen-Cooper-Schrieffer (BCS) superconductor [126],
as depicted in Fig. 4. In a conventional superconductor, the
BCS wave function is a coherent superposition of the fully
paired electron state and the vacuum (empty) state. In contrast,
the exotic spinon pairing mechanism considered here involves
a combination of two distinct singlets: one associated with
spin-% singlet states and the other with spin-1 singlet states.
In the slave-particle formalism, this pairing can be represented
as

A (A
B (bleT J"’W - bjfZibijT)’ (13)

|spinon pair) = H(Uij + ViFlvac), (14)

J

where Uj;, V; are coefficients that reflect the relative weights
of the two components. This mixed pairing structure reflects
the complex interplay between s'pin—l aqd spin-% physi?s' in
the doped system, and the resulting physical electron pairing
emerges as a composite of these slave-particle pairings.

C. Slave-particle mean-field results

Based on the preceding model analysis, we perform a
slave-particle mean-field calculation using the Hamiltonian

Eq. (3) on the 2 x 200 x 200 bilayer lattice with the tempera-
ture 10~* to further investigate the physical picture described
earlier. In this mean-field approach, we concentrate on the SC
pairing channels. The superexchange terms considered most
relevant and consequently decoupled into spin-singlet pair-
ing channels are as follows: the interlayer spin-1 interaction
lezsizd - Sipa, the interlayer 3d, spin—% interaction J;Si,z-
Sip;, and the intralayer 3d_y spin-% interaction JJXSWW
S jux- The decoupling of the spin-% exchange interactions fol-
lows the conventional slave-boson mean-field theory [122].
For the spin-1 interactions, the pairing and hopping order
parameters for the total spin-singlet channels are introduced
as

| B 4
i Sy ot i
A0 - _3(fil,+1f;'d,71 - fit,O id,0 + f;‘t,—l ili,Jrl)’

7

L
Xl = ﬁ(f,-,,ﬂfid,ﬂ + f;,ofid,o + fi:,lﬁd,—l)-
Here, Ag corresponds to the rung spin-singlet pairing operator
FiT. The spin-1 exchange interaction can then be decoupled
into these singlet channels as

Sit - Sia = =28580 — 27 Xo- (15)

In this mean-field decoupling scheme, contributions from
higher-energy nonsinglet channels (e.g., total spin-1 and
spin-2 configurations) are omitted. The resulting mean-field
hopping and pairing order parameters are then determined by
solving the equations self-consistently. See Appendix B for
the details.

Several other terms present in the full Hamiltonian Egs. (4)
and (5) are neglected within this mean-field ansatz. Terms
coupling the spin-1 doublon state (f-fermion) with spin-%
singlon states (b-boson), such as S; - Sy and S, - S, do not
lead to pairing and are therefore omitted. Additionally, other
superexchange terms like the intralayer S, - S, and §; - S,, as
well as the interlayer S, - Sy and S, - S, are assumed to have
significantly weaker coupling strengths and thus negligible
contributions to the primary pairing mechanism; these are also
omitted for simplicity. These approximations allow us to focus
more clearly on the behavior of the on-site occupancy num-
bers and dominant pairing amplitudes as functions of Hund’s
coupling Jy and doping levels. Importantly, our mean-field
approach does not decouple the on-site interorbital Coulomb
repulsion V or the Hund’s coupling Jy terms. A naive mean-
field decomposition of Hund’s coupling, for instance, could
generate unphysical intraion triplet pairing. These crucial on-
site terms (V and Jy) are instead treated exactly by modifying
the local on-site energies of the physical slave-particle states,
as detailed in the previous sections.

The calculated on-site occupancy numbers as a function of
Jy are shown in Fig. 5(a). Here, 7i; represents the on-site oc-
cupancy number for spin-1 state, while 7, and 7i, correspond
to the on-site occupancy numbers for the spin-% states in the
d; and d>_y» orbitals, respectively. Additionally, 7, denotes
the occupancy of the empty state.

Figure 5(a) reveals the physical figure that Hund’s coupling
Ju promotes the combination of a d,> singlon and a d,>_,
singlon into a spin-1 triplet doublon and a double-hole state,
while the hybridization induces the transformation of the d,»

214515-5
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FIG. 5. Results based on the SPMF method results as a function
of Hund’s coupling Jy . Plotted are (a) the on-site occupancy numbers
(i, 7i,, fiy, 7iy) of different local electronic configurations, and (b) the
interlayer singlet pairing amplitudes (A,, A;). The results indicate
that superconducting pairing is triggered by increasing Jy, and the
contribution is dominated by the interlayer pairing A, of the d,2_
orbital.

singlons into the d,2_,» singlons, resulting in the decreased 7.,
increased 71, and 71,4, and the almost unchanged 7i,. This result
is consistent with our analysis of low-energy subspace, which
points out that the transformation of two spin—% singlons into
a spin-1 doublon and a double-hole state lifts the energy of
V —Ju (see Appendix A for more details), a process that
will be more likely to occur when J increases. Furthermore,
the noise behavior appearing in Fig. 5(a) results from the
finite-size effect, which does not affect the critical physical
figure captured.

In the atomic limit, there is one electron in the d, orbital,
and a half electron in the d,>_,» orbital. In the slave-particle
picture outlined in Fig. 2, the occupation numbers for the spin-
1 state and the spin-% state in the d,2 orbital are both 0.5. Then

i, = iip = 0. (16)

fig =7, =0.5,
However, the presence of intraorbital hopping and interorbital
hybridization leads to significant deviations from these ide-
alized atomic orbital occupancies. A key factor influencing
these deviations is Hund’s coupling, Jy. As Jy increases, the
on-site energy of the doublon states is systematically lowered,
rendering these configuration energetically more favorable
Consequently, there is an enhanced tendency for spinons orig-
inating from the 3d,» and 3d>_,» orbitals to combine and form
doublon-holon pairs. This process manifests as an increase in
the calculated average doublon (i4) and (7i;) occupancies. It is
noteworthy that while both 7; and 7, increase, their difference
(fig — 7y, related to the net doping) remains constant.

Simultaneously, the occupancy i, of singly occupied 3d..
orbitals decreases, whereas the 3d,>_,> orbital occupancy 7i,
shows minimal variation. These observations indicate a shift
in the balance between the spin-1 and spin-% states as Hund’s
coupling strengthens. The sensitivity of the on-site occupancy
numbers to Jy reflects the delicate balance between intraor-
bital and interorbital interactions in determining the electronic
ground state.

Inreal materials, SC is ultimately characterized by physical
electron Cooper pairs. The interlayer spin-1 singlet pairing
introduced above constitutes both interlayer spin—% singlet and
triplet pairings for the 3d,»_,» and 3d. orbitals, while the

n T —— T 2.86x107°
0.5nf 1 F 1.43%1073
<0 { - 0.00
-0.5m} 1 F-1.43%x107°
_ L o L iz 1 —3
n_n -0.5m 0 0.5 be 86x10
k

X

FIG. 6. The projected superconducting gap distribution on the
Fermi surface from the SPMF calculations.

singlet pairing channels are dominated. The physical inter-
layer singlet pairing amplitudes for electrons in the 3d,>_,
and 3d,> orbitals, A, and A,, can be understood as arising
from the projection of the fundamental slave-particle pairing
Ay onto these specific orbital channels. Crucially, the estab-
lishment of phase coherence for these physical electron pairs
depends on the condensation of bosonic singlons. Conse-
quently, the effective pairing amplitudes can be schematically
expressed as A, ~ 7i,(Ag) and A, ~ 7i,(Ap).

An intriguing outcome of this formalism is that the phase
coherence of the 3d,>_,» interlayer pairing A, is thus intrin-
sically linked to, and effectively controlled by, the occupancy
and coherence of 3d singlons (and vice versa for A;). This
relationship is consistent with the underlying slave-particle
construction: a local spin-1 doublon consists of one electron
in the 3d,2_,» orbital and one in the 3d orbital. If a hole is
introduced into the 3d,>_,» component of this doublon, i.e.,
if the d,>_,» electron is removed, the remnant on that site is
a 3d, singlon. The dynamics of these singlons are therefore
essential for the emergence of the physical superconducting
state.

Figure 5(b) shows the J; dependence of the pairing ampli-
tude for interlayer singlet pairing in the d > and d,>_» orbitals.
As expected, pairing emerges rapidly with increasing J, with
the interlayer pairing amplitude A, dominating across the
entire parameter range. This dominance of interlayer pairing
originates from the robust interlayer spin-1 superexchange,
which drives the formation of the rung pairs in this bilayer
structure. Meanwhile, the d. pairing is suppressed by the
small d,>_,» singlon number, leading to the dominance of the
d,>_,> pairing. As the main contributor to the superconducting
pairing is the spin-1 doublon, when Jy increases within a
certain range, the increasing 7i; enhances (A) promptly, and
thus enhances A, and A, promptly.

To further analyze the superconducting pairing symmetry,
we calculate the projected superconducting gap distribution
on the Fermi surface in Fig. 6. The results indicates that the
local interlayer pairing results in an extended s-wave order
parameter with a fully gapped Fermi surface.

In addition, the effect of doping on the electronic structure
and pairing behavior is investigated, as illustrated in Fig. 7.
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FIG. 7. SPMF results as functions of the total hole density &y
(where 8, = 0.5 corresponds to the nominal d’- configuration in
La;Ni,O7). (a) On-site occupancy numbers for the different local
states. (b) Interlayer singlet pairing amplitudes. A clear trend is
observed where electron doping (8,y < 0.5, increased electron den-
sity) enhances the superconducting pairing amplitude (primarily the
dominant A,), while hole doping (8, > 0.5) has the opposite effect.

The total hole density &yt = 0.5 corresponds to the nominal
3d73 electronic configuration of Ni in the LasNi,O;. Hole
doping (8i¢ > 0.5) and electron doping (<0.5) alter the occu-
pancy numbers in distinct ways. As shown in Fig. 7(a), hole
doping tends to reduce 7i; while increasing both 7, and 7i,.
Conversely, electron doping increases 7i; while decreasing 7,
and 71,. Also, the difference between the doublon and holon is
ﬁXCd, fld - ﬁh = 810t'

The superconducting pairing amplitude, shown in
Fig. 7(b), exhibits a clear dependence on doping, with the
interlayer d,»_,» pairing amplitude A, remaining dominant
across the full doping range. As hole doping increases, the
pairing amplitudes decrease, suggesting that hole doping
weakens the overall superconducting state. In contrast,
electron doping enhances the pairing amplitudes.

IV. DENSITY MATRIX RENORMALIZATION-GROUP
STUDY

To further corroborate the physical picture derived above,
we employ the state-of-the-art DMRG method [123,124] at
zero temperature.

The DMRG calculations are performed using tensor li-
braries TensorKit [127] and FiniteMPS [128], which provide
an implementation of the required U(1)parge X SU(2)gpin Sym-
metries [129,130]. Since the bond dimension D is constrained
by computational complexity, the DMRG simulation strug-
gles to accurately solve two-dimensional (2D) systems. In
our work, we investigate the model on one-dimensional (1D)
geometries of sizes 2 X 1 x 96 and 2 x 2 x 48 with open
boundary conditions in all directions. Although this setup
deviates significantly from genuine bilayer 2D systems, we
can still predict the existence and strength of order param-
eters in 2D systems by analyzing the decay behavior of the
corresponding correlation functions in the 1D systems. The
matrix product state (MPS) representation is constructed us-
ing a zigzag path along the ladder, as illustrated in Fig. 8. We
retain up to D = 10000 U(1)cparge X SU(2)gpin multiplets in
the DMRG simulations and a convergence threshold of 1073
for the ground-state energy.

—S—)—(
2—4—6—8

— X

FIG. 8. TIllustration of the zigzag path used in the DMRG calcu-
lations for the 2 x 1 x L, ladder.

To characterize the ground-state properties, we numeri-
cally simulate the particle-number distribution and various
correlation functions. The particle-number operator for orbital
« at site i (averaged over the two layers) is defined as

1
Nig = 5 Zczuagciuaa» (17)
no
where cj'/wa creates an electron in orbital o with spin-o

at lattice site i in layer w. Its expectation value yields the
particle-number distribution. The single-particle correlation
function for the combination of d» and d,>_,» orbitals is given
by

! T 1
G(r)= Z Z«CWW + Ciﬂx(r)(cjum + Cj;uc(r) +H.c.), (18)

no

where r = |i — j| is the distance between the sites i and j. The
charge-density correlation function for the «-orbital is defined
as

Dy (r) = <nioznja> - <nia)<nja)~ (19)

The spin-spin correlation function averaged over layers is
given by

1
F(ry= 53 (Siu-Siu), (20)

m

where S, = Sy + Sijx + Siua 18 the total spin operator at
site i in layer p, containing contributions from d,> singlons,
d,>»_,» singlons, and doublon states.

To characterize the superconducting tendencies, we in-
vestigate various pairing channels. The interlayer (L) and
intralayer (J|) pairing operators are given by

1+ i T i i
A, = %(CizaTCiba¢ - Cirwcibm)’

1 + +
[ i f i f
Ai;ux - E(CiuaTciJrl,/wti - Ciua¢Ci+l,uaT)'
The long-distance behavior of these pairings is characterized
by their correlation functions:

D, (r) = (A AL,

@

ol () = % Z(AH&A'}W). (22)

m

In a 1D system, pairing correlations in each channel typically
decay algebraically as r~%s¢, leading to quasi-long-ranged
order. Here, the decay power exponent Ksc is related to the
Luttinger parameter of the corresponding channel, and a value
Ksc < 2 generally indicates a divergence of superconductivity
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FIG. 9. DMRG results as functions of Hund’s coupling Jy. (a) The decay power Ksc of singlet pairing correlations CIDj (r) and <1>"L(r) in
the d» and d,2_,» orbitals, respectively. The legends inter and intra correspond to @1 (r) and ®! (r), respectively. Superconductivity (Ksc < 2)
is indicated for J; > 0.7 eV, dominated by interlayer d,._,» pairing with the lowest Ksc. (b) The singlet pairing order parameters (AL) and

(Al).

susceptibility in each channel. The channel with the smallest
value of Kgc is the dominant one. Furthermore, due to the
limitations of the U(1)charge X SU(2)spin symmetry, we define
the square root of the structure factors as the singlet pairing
order parameters,

1
AN = | — ATTALY,
(Ay) N, ..< o D)
\ ij
1 .
Iy — Il I
(Ag) = N, E (AfaDjug)s (23)
ij.u

where the sums over i, j are restricted to % <i,j< %, and
Ny, is the number of contributing pairs in the sum.

Similarly, the triplet pairing operators (denoted by super-
script ¢) are formulated as

Ai’[xﬂ = C;wcjbm + Csza¢Csza¢
+ %(C;Tmﬁjbw + ciTtoth;rbaT)’
Aiu‘g = C?;LMCLLWT + CZMWC:TH,MW
+ (24)

i ¥ i i
E (Ci,u,aTCiJrl,/Lotl + Cip,oz\LCiJrl,p.otT )
The corresponding triplet pairing correlation functions are

@) = (A AT

. 1
@l (r) = EZ(A

n

Al

inao

1
fia) (25)
The impact of Hund’s coupling on SC and particle distri-
bution, as determined by the DMRG calculations, is presented
in Fig. 9. In Fig. 9(a), the emergence of the superconduct-
ing (Ksc < 2) corresponds to the region where Jy 2 0.7eV.
Across the investigated range of Jy from 0.6 to 1.2 eV, in-
terlayer singlet pairing in the d,»_,» orbital is consistently
dominant, and the strength of this superconducting tendency

increases monotonically with Jg. For Jy 2 1, the differences
in Kgc values among the various strong pairing channels
become less significant, potentially due to proximity effects
between competing or coexisting orders. To further substanti-
ate the dominance of the interlayer d,2_,> orbital pairing, the
pairing order parameters (AL) and (All) are also calculated,
as shown in Fig. 9(b).

Focusing on the representative case of Jy = leV, ad-
ditional detailed ground-state properties are presented in
Figs. 10 and 11. Figure 10(a) displays the particle number dis-
tribution in the two E, orbitals. The interlayer and intralayer
singlet pairing correlation functions, shown in Figs. 10(b) and
10(c), respectively, both exhibit clear algebraic decay. This
behavior is characteristic of a Luther-Emery liquid, where
spin excitations are gapped, allowing for dominant supercon-
ducting correlations [131]; also see below for the behavior of
spin excitation. Furthermore, the charge density correlation
function, depicted in Fig. 10(d), also decays algebraically.
This latter finding suggests that the full two-dimensional sys-
tem might exhibit a complex interplay or coexistence of SC
and charge density wave ordering, with the interlayer d,>_
orbital as the primary source of SC.

In addition, a typical 1D single-orbital Luther-Emery lig-
uid has the property Ksc x K, =1, while our simulation
results show that Kg. x K7 range from 2.3 to 2.6. The
deviation results from the combination of the strong in-
terorbital interactions and the geometrical structure of the
ladder, which allows the 2 x 1 x L, two-orbital system to be
physically mapped to a four-orbital system with complex in-
terorbital interactions, deviating from a strict 1D single-orbital
system.

As shown in Fig. 11(a), the single-particle correlation func-
tion G(r) exhibits exponential decay, indicating the gapped
charge degree of freedom. The spin-spin correlation function
F(r), presented in Fig. 11(b), also exhibits exponential de-
cay, confirming the presence of a spin gap, consistent with
the Luther-Emery liquid picture. Of course, the spin gap is
a result of the ladder, and the existence of magnetic order
in the bulk bilayer square lattice remains an open question.
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FIG. 10. DMRG simulated results of the order parameters at Jy = 1eV. (a) The electron densities in the two E, orbitals. (b) The interlayer
singlet pairing correlation functions of each orbital. (c) The intralayer singlet pairing correlation functions. All of the interlayer and intralayer
singlet pairing correlation functions follow an algebraic decay. (d) The charge density correlation functions for each orbital, exhibiting algebraic

decay.
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FIG. 11. DMRG results of the order parameters exhibiting
exponential decay behaviors, simulated at Jy = 1eV. (a) The single-
particle correlation function G(r). (b) The spin-spin correlation
function F(r). The interlayer (c) and intralayer (d) triplet pairing
correlation functions across each orbital.

We also computed the interlayer and intralayer triplet pair-
ing correlation functions, shown in Figs. 11(c) and 11(d).
Both of these decay exponentially with distance. These results
suggest the absence of the corresponding order parameters
in the pressurized LazNiyO; system, leaving singlet inter-
layer 3d,»_,>-orbital SC pairing as the dominant low-energy
phenomena.

More DMRG results on the convergence of the pairing
correlation functions and on the lattice of size 2 x 2 x 48 are
shown in Appendix D.

V. CONCLUSION AND DISCUSSION

In this work, we propose and study a bilayer two-orbital
model for superconducting LazNi,O; under high pressure,
which fully accounts for the effects of the on-site triplet
doublons. The results presented here provide significant in-
sight into the interplay between Hund’s coupling, electron
correlation, and SC in the bilayer nickelate material. The
underlying mother state is formed within a strong-coupling
regime, characterized by robust Hund’s coupling that leads
to spin-triplet configurations for the two E, orbitals in the
Ni 3d?® electronic state. The strong interlayer superexchange
interactions promote the formation of interlayer spin-1 singlet
states, resulting in an interlayer VBS structure. When the
system approaches the physically relevant Ni d’-> valence in
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pressurized La3Ni,O7, these spin-1 singlets gradually evolve
into spin—% singlets primarily involving the d. orbitals.
Doping introduces additional holes, which mediate phase co-
herence among these singlet bonds, eventually giving rise to
SC.

The central finding of our work is the dominance of
interlayer spinon singlet pairing across both the Hund’s cou-
pling (Jy) and doping regimes, suggesting that interlayer
superexchange plays a pivotal role in stabilizing the super-
conducting state. This distinction points to the novelty of the
superconducting mechanism in La3Ni,O7, where the bilayer
architecture, combined with the strong interlayer superex-
change, offers a platform to explore unconventional SC. This
structure fosters unique pairing mechanisms that rely heavily
on the coupling between layers, distinguishing this system
from the in-plane-dominated SC typically seen in cuprates and
other layered systems.

Furthermore, our findings reveal that the coexistence of
spin-1 and spin-% singlets creates an unusual quantum en-
tangled state that diverges from traditional models of SC.
This entanglement between different spin channels suggests
that both spin-1 and spin-% singlets contribute to the overall
pairing mechanism, raising fundamental questions about the
precise nature of the superconducting phase in bilayer nick-
elates. The transition from a spin-1 valence bond solid to a
mixed spin-l/spin-% state, driven by doping, introduces the
possibility of a rich and complex phase diagram. This phase
diagram may exhibit a variety of superconducting properties,
which is left for future work and may be experimentally
clarified.

Note added. Recently, we became aware of unpublished
work [102] that also considers an effective bilayer two-
orbital 7-J model incorporating strong Hund’s coupling,
similar to the model presented here. Our study builds
upon such a model framework by performing detailed the-
oretical and numerical analyses (SPMF and DMRG) to
investigate the nature of the SC pairing mechanism and
symmetry.
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APPENDIX A: DETAILS ON THE BILAYER ¢-J-Jy MODEL

In the second-order perturbation theory, the electron inter-

actions are treated as zero-order terms while the kinetic terms
are considered as first-order perturbations. Near the natural

filling of LasNi,O, the local Hilbert space at each site is
constrained to the eight configurations shown in Fig. 2 in the
strong correlation limit. The hole configuration (neither or-
bital is occupied) is important with two main considerations in
mind: (i) It avoids unreasonable ferromagnetic superexchange
terms, which take the form —ﬁ in certain components
of J; (ii) in the mean-field approach, the reservation of the hole
configuration avoids momentum locking at zero, as the two
orbitals are independent of each other without it. In addition,
its reservation resulted in the zero-order terms in Hamiltonian
(2) being partially retained in the resulting Hamiltonian (3).

The effects of the discarded high-energy subspace are
captured through the superexchange terms, whose strength
is determined by second-order perturbation theory. The in-
tralayer superexchange parameters of the bilayer ¢-J-Jy
model are related to the parameters of the original two-band
Hubbard model through the following equations:

a2
xx U

2
V4Jy+e —e

412 2112
“ U V4+Jyg+e —¢
2 2
Jl— 02+ A2 1
dd U+JH x

12 12
J” — tZZ +tXX 2 12
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U+JH+ez—ex+U+JH+6X—eZ:|’

= +
= V4+Jy Z"[U+ez—ex

gl ge| 1 1
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+ tZX

1
U+€x _ézj|’
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+
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gl 1
T g4V o U—-V4Jy

1

1
U—V+JH+ez—ex]’

B
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|

1
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(AD)
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FIG. 12. (a) The intralayer superexchange parameters J! and

(b) the interlayer superexchange parameters J» as functions of
Hund’s coupling Jy.

and the interlayer parameters are as follows:

12 12
JJ_ _ 4tzz 1 _ tzz
2z T ’ dd

U U+Jy

12 12

1 tzz 1 tzz
]zx - de - ’
V+Jy 4Jy

1 1
1L 12
Th =1t [U+V+U_V+JH]. (A2)

To visually show the trend of these parameters with Jy, we
show the changes in these parameters within the range set in
the SPMF method in Fig. 12.

Figure 12(a) shows how the intralayer superexchange pa-
rameters J! vary with Jy, exhibiting that J!, J!. and the
dominant parameter J)yx are positively correlated with Jy,
while JZ”d, Jlld, and J Cy 4 are opposite. Similarly, the trend of
the interlayer superexchange parameters J* with Jy is shown
in Fig. 12(b), indicating that J; is positively correlated with
Ju, while JZ”d, JJ 4> and Jty 4 are opposite and the dominant
parameter Jé is independent of Jy. The zero-order ener-
gies of some typical two-orbital configurations are shown in
Fig. 13.

dy_y
dz — - —

0o 0 0 V-—Jy
dyz —HE —

U—Jnu

U+2V—J, U+2V—],

APPENDIX B: DETAILS OF THE SLAVE-PARTICLE
THEORY

In the slave-particle mean-field approach, the spin-%

exchange interaction between two nearest-neighbor sites, la-
beled 1 and 2, can be conventionally decoupled into singlet
hopping and pairing channels:

S1-8 = _%X;erlZ - %AEAU’
where hopping x and pairing A are given as
X12 = bJ{szT + bhbu, Ay = by by — biyby,.

Here, the labels 1 and 2 are composite indices. For the
interlayer d spin-% interaction JZLZS,,Z - Sip;, these indices
represent (i,t,z) and (i, b, z), respectively, denoting site i,
top (¢) or bottom (b) layer, and the d. orbital (labeled z).
For the intralayer d,>_,> spin-1 interaction J!S;.x - §,.x, they
represent (i, u, x) and (j, u, x), indicating sites i and j within
the same layer 1 and involving the d,»_,» orbital (labeled x).
The operators by, (bl’d) annihilate (create) a slave boson for
spin o at composite site s.

Similarly, the interlayer spin-1 interaction JdidS,»td - Sivds
involving E, spin-1 moments on the top () and bottom (b)
layers at site i, can also be decoupled into singlet channels.
For this spin-1 exchange interaction, the situation is more
involved. The spin state of two individual spin 1 moments
can be denoted by |m, my), where m;, my € {+1,0, —1} are
the z-components of their respective spins. The combined
two-spin states, denoted by |J, M) (where J is the total spin
and M is its z-component), can be decomposed using Clebsch-
Gordan coefficients into total spin-0 (singlet), spin-1 channel,
and spin-2 channels. The total spin singlet |/ = 0, M = 0) for
two spin-1 entities, analogous to the spin-% singlet state, is
given by

o,o):L

M J3

(1, -1) = 10,0) + | — 1, 1)).

I

2U + 4V — 2],

FIG. 13. The zero-order energies and the corresponding typical two-orbital configurations.

214515-11



JI, LU, SHAO, PAN, YANG, AND WU

PHYSICAL REVIEW B 112, 214515 (2025)

We define the total spin-singlet hopping and pairing operators
using fermionic f-particles,

1
T T
Ay = _S(fit,-H

/3

N 1 N
P i +
Xo = %(ﬁt,+1ﬁd,+1 + fiofia.o + Sy 1 fia. 1)
The mean-field decoupling of the spin-1 exchange interaction,
when projected onto these total spin-singlet channels, is then
given by

i Tt i T
Jia—r = fuoTiao + furtia )

Sit - Sia = =200 A0 — 2% x0-

In this decomposition, contributions from nonsinglet channels
(i.e., J = 1 and 2) have been omitted, focusing on the forma-
tion of local singlets.

As highlighted in the main text, SC pairing can be concep-
tually understood as a quantum superposition of an “empty”
electronic state and a “paired” electronic state. Focusing
specifically on the “paired” state where four electrons occupy
the E, orbitals across a bilayer rung, a distinct pairing mech-
anism emerges. Initially, within each Ni ion, the intra-atomic
Hund’s rule dictates that the two E, electrons (one in the d,>_,»
orbital and one in the d, orbital) will align their spins, forming
a local spin-1 triplet state on each layer. Subsequently, these
two local spin-1 moments, residing on the two layers of the
rung, couple AFM via superexchange interaction, resulting
in an interlayer spin-0 singlet state, as shown in the above
|spin-1 singlet) = |(J), 191). Critically, this spin-1 mediated sin-

glet configuration cannot be simply factorized into a direct
product of two independent spin-% singlet configurations, sig-
nifying a notable deviation from the conventional BCS theory
of Cooper pairing.

In contrast, conventional electron singlet pairing in such a
system would typically involve a spin configuration composed
of two independent interlayer spin singlets, one formed by
the 3d,>_,» orbitals on the two layers and the other by the
3d,» orbitals. It is important to recognize that these two total
spin-0 configurations—the spin-1 mediated singlet and the
direct product of two spin—% singlets—are not orthogonal.
Mathematically, these configurations can be rearranged into
two orthogonal total spin-0 states, reflecting the two distinct
pathways to form a total spin-O singlet from four spin-%
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particles, as illustrated by the Clebsch-Gordan series decom-
position  ® 1@ i@l=0ehHe0Oe =000 1
1 ® 1 & 2. To further elucidate the interlayer 3d,>_,» singlet
component originating from this spin-1 configuration, we ac-
knowledge that the spin-1 state on each layer is a triplet
formed by the combination of the d,>_,» and d, electron
spins, and the interlayer total spin singlet arises from the
coupling of these two triplets. Projecting on the interlayer
3d_y spin—% singlet channel |3d,._,» singlet), we can have

(3d,>_,» singlet|spin-1 singlet) = ‘/73 In this sense, the phys-

ical 3d,>_ electron interlayer singlet pairing can be roughly
given by

Ax X ﬁz<A0)a

where 71, arises from the holon condensation, leading to the
phase coherence of the pairing.

APPENDIX C: RESULTS ON THE BILAYER
TWO-ORBITAL HUBBARD MODEL

Figure 2 in the main text shows the eight configurations
constituting the low-energy effective local Hilbert space of
our bilayer ¢-J-Jy model. As analyzed in the main text and
in Appendix A, the four spin-% singlons with total particle

number N = 1 and total spin § = % (i.e., the configurations
® — @ in Fig. 2) and the three spin-1 triplet doublons with
N =2and S = 1 (i.e., the configurations ® — ® in Fig. 2) are
the true low-energy configurations with U, V, and Jy as zero-
order terms. The additional hole configuration with N = 0 and
S = 0 (i.e., the configuration @ in Fig. 2) is retained due to the
anomalous behavior of partial superexchange parameters and
numerical necessity, which introduces the residual zero-order
terms in Eq. (3) of the main text.

In this appendix, we solve the bilayer two-orbital Hubbard
model combining Eqs. (1) and (2) using exact diagonalization
and density matrix renormalization-group methods to demon-
strate the validity of the perturbation theory by quantifying
the ratios of the configurations ® — ® in Fig. 2 in the ground
state.

The results are shown in Fig. 14. Figure 14(a) shows
the ratios of the configurations with different (&, S) in the
ground state of the bilayer two-orbital Hubbard model with

0.0
2xIx1 2x1%2  2x1x3 2x1xd 2x2x2
lattice size

FIG. 14. (a) The ratios of configurations with total particle number N and total spin S in the ground state of the two-orbital Hubbard model

ona?2 x 1 x 1lattice. (b) The ratios on lattices of different sizes.
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FIG. 15. The singlet pairing correlation functions calculated by DMRG with different bond dimensions D for (a) interlayer pairing in d>
orbitals, (b) interlayer pairing in d,2_,» orbitals, (c) intralayer pairing in d_» orbitals, and (d) intralayer pairing in d,>_,> orbitals.

the same parameter set of our bilayer 7-J-Jy model (Jy = 1)
ona?2 x 1 x 1 lattice. Figure 14(b) displays the results on the
lattices of different sizes, where we apply the exact diagonal-
ization method on 2 x 1 x L, lattices where L, = 1, 2, 3, and
the density matrix renormalization-group method is employed
on2 x 1 x4and2 x 2 x 2 lattices. The results indicate that
the spin-% singlon and spin-1 triplet doublon are significantly
dominant with a total ratio of about 0.87, exactly consistent
with our analysis based on the perturbation theory.

APPENDIX D: MORE DMRG RESULTS
ON THE BILAYER ¢-J-J; MODEL

In this appendix, we provide more DMRG results, in par-
ticular on convergence verification and on the lattice of size
2 x 2 x48.

Figure 15 exhibits the singlet pairing correlation functions
calculated by DMRG with different bond dimensions D for
(a) interlayer pairing in d orbitals, (b) interlayer pairing in
d,»_y» orbitals, (¢) intralayer pairing in d orbitals, and (d)
intralayer pairing in d,2_,> orbitals. The results show that
these pairing correlation functions highly overlap in the bond

dimensions D = 8000, 9000, and 10000, indicating that our
DMRG results have converged with D = 10 000.

Furthermore, we also solve the bilayer ¢-J-Jy model by
DMRG on a 2 x 2 x 48 lattice with Jy = 1 and the same
set of other parameters on the 2 x 1 x 96 ladder, retaining up
to D = 10000 U(1)charge X SU(2)gpin multiplets as well. The
new results are shown in Fig. 16. Figure 16(a) exhibits the in-
terlayer singlet pairing correlation functions, while Fig. 16(b)
shows the intralayer one. Although arithmetic constraints pre-
vent us from extending D enough to observe the algebraic
decay of the pairing correlation functions over the full dis-
tance we examine, the dominance of the interlayer d,._,
pairing can still be determined from the dominant amplitude
and the slowest algebraic decay rate fitted in a small range,
which is qualitatively consistent with our SPMF results on
a two-dimensional bilayer square lattice and the DMRG re-
sults on the 2 x 1 x 96 ladder. In addition, the result in the
2 x 2 x 64 lattice that the SC exponents are larger than 2,
different from the ones in 2 x 1 x 128, is likely due to the
finite-size effect. We predict that our two-orbital model may
also support SC exponents smaller than 2 in a lattice with
width equal to or larger than 3, which implies the existence
of SC in exact 2D systems, as our SPMF results show.

12

24

FIG. 16. The DMRG results on a 2 x 2 x 48 lattice. (a) The interlayer singlet pairing correlation functions. (b) The intralayer singlet

pairing correlation functions.
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