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The recently discovered nickelate superconductor La;Ni,O; has a high transition temperature near 80 K
under pressure, providing an additional avenue for exploring unconventional superconductivity. Here, with
state-of-the-art tensor-network methods, we study a bilayer #-J-J, model for La;Ni,O; and find a robust
s-wave superconductive (SC) order mediated by interlayer magnetic couplings. Large-scale density matrix
renormalization group calculations find algebraic pairing correlations with Luttinger parameter K¢ < 1.
Infinite projected entangled-pair state method obtains a nonzero SC order directly in the thermodynamic
limit, and estimates a strong pairing strength A_ ~ ((0.1). Tangent-space tensor renormalization group
simulations elucidate the temperature evolution of SC pairing and further determine a high SC temperature
T:/J ~ O(0.1). Because of the intriguing orbital selective behaviors and strong Hund’s rule coupling in the
compound, #-J-J; model has strong interlayer spin exchange (while negligible interlayer hopping), which
greatly enhances the SC pairing in the bilayer system. Such a magnetically mediated pairing has also been
observed recently in the optical lattice of ultracold atoms. Our accurate and comprehensive tensor-network
calculations reveal a robust SC order in the bilayer #-J-J, model and shed light on the pairing mechanism of

the high-T, nickelate superconductor.
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Introduction.—High-T . superconductivity, since its dis-
covery in doped cuprates [1-3], has raised long-lasting
research interests. Very recently, under a high pressure of
above 14 GPa, a Ruddlesden-Popper bilayer perovskite
La3Ni,O; exhibits a high T, near 80 K [4]. Later on,
optical measurements show that the compound features
strong electronic correlations that place it in the proximity
of a Mott phase [5], despite certain density-wave-like order
under ambient pressure. Zero resistance and strange metal
behaviors have been reported under high pressure by other
experimental groups [6,7]. Currently, the electronic struc-
ture, effective model, and pairing mechanism in the
pressurized nickelate LasNi,O; are under very active
investigation [8—17].

A bilayer two-orbital Hubbard model has been proposed
to describe the high-pressure phase of La;Ni,O;, where the
kinetic part is determined from the density functional theory
calculations [8], and the interactions including the Hubbard
U, Hund’s rule coupling Jy, etc., can be included. The SC
instability and related pairing symmetry have been discussed
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with weak (to intermediate) coupling approaches [10-12].
Nevertheless, the large Coulomb interaction U/t > 1 in
La;Ni,O; urgently calls for analysis from a strong coupling
approach [13-15]. Precision many-body calculations are
required to scrutinize the possible SC order in the effective
model [16]. The tensor-network methods constitute a power-
ful and versatile approach for both ground-state [18-23] and
finite-temperature properties [24—28] of correlated electrons.
Unfortunately, the original bilayer two-orbital model poses
great challenges to tensor-network calculations and a
dimension reduction in local Hilbert space while retaining
the essence of electron correlations in the nickelate is very
necessary.

Lately it is proposed that by considering the orbital
selective behaviors of localized d and itinerant d,_
electrons, together with the strong ferromagnetic (FM)
Hund’s rule coupling, a bilayer #-J-J, model with strong
antiferromagnetic (AF) interlayer exchange J | may provide
an adequate effective model for La;Ni,O; [17]. Here, we
perform high-precision ground-state and finite-temperature

© 2024 American Physical Society
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FIG. 1. (a) Two e, orbitals in the bilayer structure of the
nickelate La;NiyO;. The quarter-filled d,2_,» orbitals form an
effective #-J model with intralayer hopping ¢ and spin exchange
J. The d orbital is localized and has an interlayer AF exchange
through the ¢ bonding. The spins of d,>_» and d,. orbitals are
coupled through an on-sitt FM Hund’s rule coupling Jy. In the
large Jy limit, we arrive at (b) bilayer #-J-J | model, where the
interlayer AF coupling J is strong while the interlayer hopping
is absent. The SC pairing correlation ®_(r) is between two

interlayer pairing A(*) along the vertical z direction and separated
by a distance r along the x direction.

tensor-network calculations of this bilayer model, and reveal
a robust SC order with high 7', that may account for the
observation in the pressurized nickelate La;Ni,O;.

Bilayer t-J-J | model.—As shown in Fig. 1, we note the
two e, orbitals in La;Ni, Oy, namely, d,>_,> and d 2, have
distinct and orbital selective behaviors [9]. The d_» orbital is
almost localized with flat band structure promoted by the
strong Hund’s couplings [14]. Considering that d . orbital is
only slightly doped (nearly half-filled) [13-15], we can
freeze their charge fluctuations and regard the d_2 electrons
as local moments [14]. The interlayer ¢ bonding through the
apical oxygen [4] renders a prominent interlayer AF
coupling between the d> moments (also dubbed as the
“hidden dimer” [9]). On the other hand, the d,._,» orbital is
quarter-filled and adequately described by a #-J model
within each layer [10,12,15]. The dxz_yz orbital has negli-
gible interlayer single-particle tunneling [8,9]. However, the
strong FM Hund’s coupling can bind the two e, orbitals and
“passes” the strong interlayer AF coupling to the d,2_p
orbital [17], as illustrated in Fig. 1(a).

To see that, we start with the model H = H,_;+
H xp + Hyunas Where H,_; is the intralayer 7-J model of
do_p electrons and H r denotes the AF exchange Hp =

JJ_ Z Sl p=1" l ﬂ——l
u = *£1 labels the upper(lower) layer, and 8¢ denotes the
localized d» moment. Hyyyg = —Jy Z,” fu Sd is the
on-site Hund’s coupling, with S¢ the spin of d,>_ 2 electron.
To further simplify the two-orbital model, it is noted that the
density functional theory calculations suggest =~ 0.5 eV
(dy_y2), 17 =0.64 eV (d2) [8,9], placing the nickelate in
the strong coupling regime by taking Hubbard U ~5 eV
(ie.,, U/t ~10) [13,14]. As an intra-atomic exchange, the
FM Hund’s rule coupling is about Jy ~1 eV [13,14],
clearly greater than the spin exchanges J ~41>/U ~
0.2 eV and J| ~0.32 eV, which is sufficiently strong to

between the two layers. The index

transfer the AF couplings between the two ¢, orbitals [29]. It
is therefore sensible to take the large J limit and symme-
trize the spins S;‘fﬂ and Sj of the two orbitals. The AF
interlayer coupling between d,» moments can be effectively
expressed as S{ i Sf,#:_l in the symmetrized spin-triplet
space. With this, an effective single-band bilayer ¢-J-J |
model can be obtained [17]

—t Z ,MGCNM +H.c.)

1
+JZ (Siﬂ S " —Zn,-’”nj_ﬂ>
(i.j)n

+ ‘IJ-ZS?,”=1 ’ S:’:;;:—l’ (1)

H bilayer —

where ¢ = {1, |} is the spin orientation, and the vector
operator S} = %ciﬂ_g(am/)ci,ﬂj denotes the spin of the
itinerant d,>_y» electron with the Pauli matrices 6 =
{6y.0y.0.}. Note the double occupancy is projected out
in the t-J-J | model as usual.

Below we consider the intralayer hopping ¢ = 3 and spin
exchange J = 1 (taken as energy scale henceforth), and the
interlayer AF couplings J, is varied to explore the SC and
possibly competing change density wave (CDW) orders.
Interlayer hopping ¢, is forbidden [except in Fig. 3(c)],
different from the previously studied bilayer Hubbard-like
models [30]. As the d,>_. orbitals are nearly quarter-filled,
we set n, = 0.5 and the hole density n, =1 —n, = 0.5 in
the pristine LazNi,O;.

Tensor-network methods for zero- and finite-temperature
properties.—To simulate the bilayer model in Eq. (1), we
employ tensor-network approaches for both 77=0 and
T >0 calculations. Regarding the ground state, we exploit
the density matrix renormalization group (DMRG) [18,19]
for the finite-size systems and the infinite projected
entangled-pair state (iPEPS) directly in the thermodynamic
limit [20-23]. In DMRG we map the 2 x W x L bilayer
system into a quasi-1D chain with long-range interactions
[31], and implement the non-Abelian and Abelian
symmetries with tensor libraries [37-40]. We retain up
to D* = 12000 U(1)gpyge X SU(2)1, multiplets (equiva-
lently D ~ 30000 individual states), which well converge
the results [31]. For iPEPS calculations, we adopt the
simple update [41,42] with retained bond dimension up to
D = 12, which is extrapolated to infinite D and compared
to the DMRG results. Moreover, we exploit the finite-T
tensor networks, in particular the recently developed
tangent-space tensor renormalization group [26] to study
the bilayer system with W = 1 and length up to L = 128.
Up to D* =1600 U(1)¢pypee X SU(2), multiplets (equiva-
lently D ~ 3600 states) render very well converged results
down to a low temperature 7/J ~ 0.1 [31].
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FIG. 2. (a) Pairing correlation @, on the 2 x W x L bilayer

lattices with widths 1 < W < 3 and long length L, namely, 2 x
1 x128(W=1,n,=0.5),2x2x64(W=2,n,~0.54), and
2x3x48 (W=3, n,=0.5). The SC correlations exhibit
algebraic behaviors as @, (r) ~ r~%sc, enhanced with interlayer
coupling J,. The W = 2 data fall into algebraic scaling with
oscillations [31], leading to inaccurate extraction of the Luttinger
parameters. (b) Spin-spin correlation F(r) and the single-particle
Green’s function G(r) decay exponentially (see definitions in the
main text) in the SC phase [44].

Robust SC order and magnetically mediated interlayer
pairing.—In Fig. 2 we show the DMRG results of
pairing correlations @,.(r) = (A]A;) with interlayer
pairing Al = (1/1/2) pOp— C;u,TCZ—ﬂ,L and distance
r=|j —i|, where we find @__(r) shows algebraic scaling
with the Luttinger exponent K- <1 for moderate to
strong J,. In Fig. 2(b), we calculate the spin-spin
correlation F(r) =33",(S¢,-S5,) and the Green’s func-
tion G(r) =13, (¢}, ,¢j .0+ H.c.), and find both cor-
relations decay exponentially. The DMRG results in Fig. 2
indicate the emergence of Luther-Emery liquid [43] with
quasi-long-range SC order, as well as finite spin and
single-particle gaps.

The AF exchange J | plays an essential role in mediating
the interlayer pairing and forming the rung-singlet SC
phase [45]. In Fig. 3(a), we provide the DMRG results of
the Luttinger parameter Kgc controlling the scaling behav-
iors of pairing correlations. We find (2 - Kgc) 2 1
increases rapidly with J, and signifies a diverging sus-
ceptibility at low temperature as ygc ~ 1/T?=Ksc). The
pairing susceptibility ysc=(2/N)0(A)s/0h, measures
the response of SC order parameter to a small pairing field
h, coupled to Ay =1>";(A; + Af) To further character-
ize the enhancement of pairing strength, we compute the
binding energy E, = E(N,+ 1)+ E(N,—1) —2E(N,),
where E(N,) is the ground-state energy with N, electrons.
In Fig. 3(a), we find E, increases with J, as the ratio
E,/J | Z 0.6. However, E,/J | is not monotonic and has a
round peak at /|, ~ 1.5. In the strong J, limit the escalation
of binding energy slows down its pace and the ratio
converges to E,/J | ~0.6.

With iPEPS calculations directly in the thermodynamic
limit where symmetry breaking is allowed to occur,

FIG. 3. (a) The Luttinger parameter (2 — K¢ ) vs J | calculated
on various bilayer systems. The binding energy for W = 1 system
is also shown. (b) The SC order parameter Az obtained with
iPEPS (dashed horizontal lines) and DMRG (solid lines) for
J| =2, 4. In the latter, A, is estimated within central columns,
and the error bars represent the difference between the maximal
and minimal values by varying the number of columns involved.
We set n, = 0.5 for the W = 1, 3 cases, while for the W = 2 case
it is shifted slightly to n, =~ 0.54. (c) Pairing correlation |®_ | with
various interlayer hopping ¢, . For the , = 0 case, we show the
pairing correlations in excellent data convergence as computed
with L, = 64 and 128. (d) The electron density profiles n,(i),
1 <i <L for various J, computed on the 2 x 1 x 64 system.

we evaluate the SC order parameter A, = (AS+>> averaged
over the two sublattices, and show the results in Fig. 3(b).
We find A, increases with J, and reaches about 0.11
for /| =2 and 0.16 for J, = 4. In Fig. 3(b) we also

show the DMRG estimation of the order parameter A, =

\/(I/Nh) Zi,](AITAj) where i, j are restricted within N,

central columns, and N;, is number of the credited pairs. In
practice, we vary N. from 8 to 16 for different lattice
geometries, and find the DMRG and iPEPS results agree
well. Notice that the order parameter A_ of the bilayer
t-J-J | system [O(107")] is much greater than that found in
the plain #-J square lattice [O(1072)] [46].

The order parameter A. and pairing correlations are
found to be uniform in each layer, i.e., it belongs to an
s-wave SC order. We have also computed the intralayer
pairings with DMRG, and the order parameters with
iPEPS [31], which are found to be negligibly small when
compared to @, (and A,). Based on the results in Figs. 2
and 3, we conclude there exists a robust rung-singlet SC
order mediated and enhanced by magnetic couplings J | in
the bilayer #-J-J | model for La;Ni,O.
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FIG. 4. Finite-temperature results for W =1 systems with
length up to L = 128. In panels (a)—(e), the data for J, =2
(red lines) and 4 (green) are shown. In (a),(c)—(e) the hole density
is fixed as n, =1 —n, = 0.5, and in (b) the data are calculated
with fine-tuned chemical potential that leads to n;, ~0.5.
(a) Shows the specific heat ¢, with T, the lower characteristic
temperature. (b) Shows the pairing susceptibility ygc, which
diverges with a power-law scaling 7% (the dashed lines) for
T < T7. The interlayer pairing and AF correlations are illustrated
in the inset. (c) Shows the interlayer hole correlations on the
rungs, with 7; and T} determined from (a) and (b), respectively.
(d) Shows the magnetic susceptibility y,, with a hump at 7,.
(e) Shows the rung spin correlations. (f) The contour plot of the
pairing correlation @..(r = L/4) for various hole densities n,
computed with J; = 2. The vertical red line denotes the n;, = 0.5
case relevant for LasNi,O; (LNO).

Pauli blocking and charge density-wave instability.—
The existence of strong interlayer J, while absence of
hopping ¢, is a key for the robust SC order to appear in the
bilayer system. In Fig. 3(c) we artificially introduce the
interlayer hopping ¢ |, and find the SC order gets weakened
and even suppressed as ¢, increases. This can be ascribed to
the Pauli blocking effect where the holes tend to repel each
other kinetically according to their hopping amplitude [47],
spoiling the interlayer pairing for strong ¢, . Moreover, this
observation may also be relevant to the experiments: further
increasing pressure in the SC phase of La;Ni,O; does not
enhance T, but decreases it [4,6,7]. It is possible that high
pressure enhances interlayer tunneling of the d,2_,» orbitals
and thus weakens the SC order.

In Fig. 3(d), we show the electron density distribution
n,(i) by tuning J ; to smaller values. For /|, = 2, the CDW
fluctuation is rather weak, consistent with a robust s-wave
SC state. However, for smaller J; the SC order becomes

weakened, while the CDW instability turns strong. This
may explain the absence of SC order in LazNi,O; under
ambient pressure, where certain density-wave-like insta-
bility bas been observed in recent experiments [5—7]. The
change of interlayer Ni-O-Ni bond angle [from 168°
(ambient) to 180° (pressurized)] and length (by 1.9 A)
may sensitively influence J |, thus switching between the
CDW and SC phases. Moreover, by reducing the hole
density we find even clearer CDW pattern [31], suggesting
that the CDW instability or stripe phase may also be a
competing order in the bilayer nickelate.

Finite-temperature pairing and magnetic susceptibilities.—
In Fig. 4 we show the temperature evolutions of spin and
pairing correlations. Firstly, from Fig. 4(a) we find the
electron specific heat ¢, = (1/N,)(de/0T) exhibits a dou-
ble-peak structure, with the higher-7" peak contributed by
the kinetic energy, and lower-7 scale responsible for SC
pairing labeled by 7, In Fig. 4(b) we apply a uniform
pairing field —h,A, with i, =2 x 1073, and compute
the pairing susceptibility. We find that y ¢ is rather small for
T > T, and becomes significant for 7 < T';, making 7; the
SC-fluctuation onset temperature.

As temperature further lowers, we find ygc exhibits an
algebraic divergence ygc ~ T~% for temperature below 77,
when the system enters the low-temperature SC regime.
The fitted exponent in Fig. 4(b) is @ ~ 1, consistent with the
ground-state DMRG results of Kgc ~ 1 for W = 1. Both T
and T increase with J |, and in Fig. 4(a) we find T,/J ~
0.25 for J, =2, which is enhanced to 7,;/J ~0.6 for
J, =4. Similarly in Fig. 4(b) the ysc curves show an
overall enhancement, and the T/J increases from 0.12 for
J | =2 to about 0.25 for J|, = 4. In Fig. 4(c) we show the

hole-hole correlation gf) = (2/N) > ilhiyihipy—1)p
(hiy——1)p) — 1 where N is the number of lattice sites with

h; , the hole density operator. The positive gf) indicates the

attractive (“bunching”) correlations between the holes.

From Fig. 4(c), we find 922) rapidly increases at about

T, and saturates at about 7 when the pairing susceptibility
starts to diverge algebraically in Fig. 4(b).

To further reveal the intriguing interplay between anti-
ferromagnetism and superconductivity in the bilayer sys-
tem, we compute the magnetic susceptibility y,, and rung
spin-spin correlation F()' = (2/N) > (S; =1 - Si 1) in
Figs. 4(d) and 4(e). The magnetic susceptibility y,,
becomes suppressed below 7, in Fig. 4(d), which can
be ascribed to the rapid establishment of correlation F(!) at
about the same temperature [Fig. 4(e)].

Temperature evolution of the SC order.—Now we
summarize the temperature evolution of the pairing corre-
lations in Fig. 4(f), where the red line denotes La;Ni, O,
with hole density n, =1 —n, ~0.5. As temperature low-
ers, the interlayer AF correlation develops at about
T,/J~048, and then the hole bunching occurs at
T,;/J ~0.25, shortly after that the system enters the
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coherent regime below 77 /J ~ (.12, establishing eventually
the quasi-long-range SC order.

As shown in Fig. 4(f), by doping electrons into the
system (or via a self-doping from d: to the d,>_» orbitals),
the SC order and its characteristic temperature can be
further enhanced. For J, = 2, the optimal hole density
appears at n;, ~0.25, to the electron-doping side of
La3;Ni,O,, as also evidenced by the enhanced pairing
susceptibility and temperature scales 7; and 77 [31].

Discussion and outlook.—We exploit multiple tensor-
network methods and reveal robust s-wave SC order in the
bilayer ¢-J-J | model for the recently discovered nickelate
superconductor. In LazNi;O; the d,2_» orbital has a hole
density of n;, ~ 0.5—a large value on the verge of quench-
ing the SC in cuprates. For the latter, large hole doping may
undermine the intralayer AF correlations and suppress the
SC order. Surprisingly, in LasNi,O; the SC order remains
robust and has a high 7. ~80 K even with large hole
density. Based on our #-J-J | model calculations, we ascribe
it to the robust pairing mechanism mediated by strong
interlayer AF exchange. In Fig. 4(f), we find indeed the SC
dome can extend to a very wide regime up to n;, ~ 0.6 for
the bilayer nickelate.

We would also point out an intriguing and rather
unexpected connection between the high-7'. nickelate and
ultracold atom systems. Recently, the mixed dimensional
(mixD) bilayer optical lattices with strong interlayer spin
exchange while no interlayer single-particle tunneling has
been realized [47,48]. Remarkably, such a ¢-J-J, mixD
bilayer model naturally emerges in the orbital-selective
nickelate LazNi;O;: The d,._» electrons are itinerant
within each layer, while d orbitals are nearly half-filled
and localized. The FM Hund’s coupling “glues” the spins of
two e, orbitals, conveying to the d,>_» electrons a strong
AF coupling—the driving force for the interlayer pairing. To
thoroughly validate our effective model for La;Ni,O;, a
detailed analysis of the two-orbital bilayer model with
realistic parameters is necessary. Our preliminary results
support the scenario proposed here [29].

Overall, our results provide a solid and valuable basis for
understanding the unconventional SC in pressurized
La;Ni,O; from a strong coupling approach, and put various
experimental observations in a coherent picture. They offer
useful guidance for future studies in the nickelate super-
conductors and also mixD ultracold atom systems.
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