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Recent discovery of high transition temperature superconductivity in LasNi2O7 has sparked renewed theo-
retical and experimental interests in unconventional superconductivity. It is crucial to understand the influence
of various factors on its superconductivity. By refining the determinant quantum Monte Carlo algorithm, we
characterize the parameter dependence of the superconducting transition temperature within a bilayer Hubbard
model, which is sign-problem-free at arbitrary filling. A striking feature of this model is its similarity to the bi-
layer nickelate-based superconductor LasNi»O7, where superconductivity emerges from the bilayer NiO2 planes.
We find that interlayer spin-exchange J is critical to interlayer pairing, and that on-site interaction U contributes

negatively to superconductivity at low doping levels but positively at high doping levels. Our findings can provide

a reference for the next step in theoretical research on nickelate-based superconductors.

DOLI: 10.1088/0256-307X/42/11/110705

1. Introduction.  Since the discovery of uncon-

ventional superconductivity in doped cuprates, (1,2]

un-
derstanding the parameter dependence of superconduct-
ing transition temperatures 7. has been one of the
most crucial and challenging tasks in condensed mat-
ter physics and materials science. Experimentally, re-
searchers are continually seeking out new unconventional
superconducting systems, hoping to discover those with
even higher superconducting transition temperatures. Af-
ter a few decades of intensive studies, a series of su-
perconducting materials have been developed, including
multilayer copper-based superconductors, [3-9]
superconductors, [6-11]
nickelate-based superconductors. ] Theoretically, due

to the effect of strong electronic correlation, characteriz-

iron-based

and the most recent discoveries of
[12,13

ing the parameter-dependence of superconducting transi-
tion temperatures has proved to be especially difficult as
not only is an effective microscopic model still lacking or
uncertain but also its dependence has been shown to be ex-
ceptionally sensitive to small changes in model terms and
parameters such as temperature, interaction, or doping.
The Hubbard model or its extension is widely believed to
be relevant to this problem and has motivated an enormous
amount of work over the past six decades. (14
the relevant model parameters are in the most difficult

! However,

regime where most approaches struggle; this remains the

CSTR: 32039.14.0256-307X.42.11.110705

central model studied by theorists. (15-17] Recently, meth-
ods using the static-auxiliary-field approximation'® have
made great progress in explaining 7c for major families
of unconventional superconductors.*?2°) While unbiased
methods for exact numerical values exist—some quantum
Monte Carlo algorithms show superiority—but they run
into the notorious sign problem especially in superconduc-
tivity which is greatly determined by the model.
Therefore, developing simplified models that permit
exact numerical solutions provides a valuable computa-
tional platform to explore parameter-dependent trends in
T. and identify generic mechanisms, (21-23] which comple-
ment analytical approaches. Among the numerous nu-
merical methods, the determinant quantum Monte Carlo
(DQMC) method aims to acquire exact numerical results
without approximations; however, it is generally power-
ful for intermediate correlation regimes but suffers from a
severe sign problem when heavily doped. Hence, estab-
lishing a minimal sign-problem-free model is a crucial as-
pect of DQMC studies. A promising candidate is a bilayer
model with time-reversal-symmetric interactions following
the Hubbard-Stratonovich (HS) transition. ®* In this con-
text, the DQMC simulations of a sign-problem-free model,
which includes on-site Hubbard interaction and interlayer
spin-exchange, 25:26] o ffer unique advantages across exten-
sive parameter regimes (i.e., all doping regimes), a fea-
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ture that is analogous to the nickelate-based material,
LasNi2O7 (LNO). The strategy of designing sign-problem-
free bilayer geometries has also been a crucial enabler for
obtaining exact finite-temperature benchmarks of super-
conductivity in other contexts, such as cold-atom systems
modeled by attractive Hubbard interactions. 272! While
the full electronic structure of LNO requires multi-orbital
descriptions, our minimal bilayer model captures the es-
sential physical factors and isolates the proposed interlayer
pairing mechanism for qualitative descriptions. Although
minimal, this model offers a rare opportunity to explore
superconductivity without methodological biases, advanc-
ing our understanding of generic mechanisms applicable to
broader material classes.

Superconductivity in nickelate-based materials is first
observed in the family of infinite-layer nickelate thin-
film materials A;_,B;NiO2 (A = La,Nd, Pr, B =
Sr, Ca). [12:30-32] §40n afterwards, signatures of supercon-
ductivity in LNO were observed, 23]
80 K under high pressure.

and its T, reaches
In addition to its supercon-
ductivity, the magnetism and other properties of LNO
have also been investigated. ?*?4 From a theoretical point
of view, the electronic properties of LNO are determined
_y2 and d,2
orbitals, which can capture most of the low-energy elec-

by the bilayer NiO2 planes, considering d,2

tronic structures;[&r”%] these two orbitals are essentially
associated with superconductivity in LNO. To explain the
pairing mechanism of LNO, various interaction terms have
been proposed to construct a promising model for LNO
and describe its superconductivity. A possible mecha-
nism is interlayer s-wave pairing induced by the inter-
_y2 or d 2 orbitals. [37-39]

A relatively interesting argument is that the interlayer

layer spin-exchange of either d 2

spin-exchange involving d,» originates from strong inter-
layer hopping, and the interlayer spin-exchange of d,2_ 2
is passed from d,» due to Hund’s rule coupling or hy-
bridization. Under large Hund’s coupling, d_2
forced to align with those of d,2; integrating out the d 2
degrees of freedom results in an effective interlayer spin-
exchange within the d,2_,2 orbital. (38,40] Consequently,
a reduced Hamiltonian can be derived that represents a

—y2 SplNs are

bilayer single-orbital model containing a large interlayer
spin-exchange. Furthermore, in some other works, super-
conductivity in LNO is attributed to its similarity with
doped cuprates. 41743

The promising low-energy reduced model of nickelate-
based superconductors is quite similar to the sign-problem-
free microscopic model sketched in Fig.1(a), which pro-
vides a rare opportunity to study the parameter-dependent
T. with exact numerical methods based on a realistic
model closely related to real materials. In this work,
we establish a computational framework to analyze key
parameter-dependence of T (i.e., on electron correlation
and filling) in a minimal sign-problem-free bilayer model,
using numerically exact DQMC simulations. We charac-
terize T, by using the universal jump in the superfluid
density over a broad range of electron filling (n) and cou-
pling strength U.
fits superconductivity at high doping levels and harms it

Interestingly, we find that U bene-
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Fig. 1. (a) A sketch of the bilayer model used in this work,

and periodic boundary condition is imposed in both direc-
tions. (b) The superconducting transition temperature Tt
as a function of electron filling (n) from U = 1.5 to U = 4.0.

at low doping levels, and we also find that ¢, inhibits su-
perconductivity, which is summarized in Fig.1(b). Fur-
thermore, we demonstrate the regular part of resistivity
R™®, which shows a strange-metal-like behavior, but the
strange metallicity needs to be further confirmed. These
results demonstrate the potential of this bilayer sign-free
model in studies of LNO and superconductivity, and may
also help to resolve the problem of the pairing mechanism
in LNO.

2. Model and Method. The sign-problem-free micro-
scopic model we used can be written as

H= -t ($l¢; +He) —Mzm -ty Z%‘Tlﬂlﬁi
(4,9) i i
> L@l ZgO Wl -2, (1)

i,a=1-5

where we define ©; = (ci14, ¢y, Ciat, CiQ‘L)T, n; = w;rwi and
Cilo is the annihilation operator for an electron at site 4, in
layer [, with spin o. The sign-problem-free nature of the
model originates from the time-reversal symmetry ensured

by the five I matrices used here, [24,44]

rs_ [ 0 o 0 I o 0 if
0 —o)’ I 0)’ —ir 0}’
2
which ensures the positive definiteness of the fermion de-
terminant at any electron doping under specific parameter
conditions.

For convenience, we rewrite the Hamiltonian Eq. (1) in
the following form:

H= —t Z (chocjio +He) —t1 Z(c;flcciga +H.c.)

(i,5)lo i
- Hznzlo + UZ (nm ) (mu ;)

ilo
+J. Zs 22+—Z(5 Sy +He), (3)

7

where S = %(nm — nay), S:l— =

cLTcm, and ng e =
S;, is the Hermitian conjugate of S:lr, U =
g1+9g2+9g3s—go, J- = 4g3+4go, and J| = 2g1 + 292 +4go.
We tune the chemical potential u to achieve the desired
electron filling (n) = 1/2L*(3",,, nio) per site (i.e., per

orbital for all spins).

i
CilgCilo-

Unless otherwise specified, go, 94,
and g5 are set to 0 and g1 = g2 = g¢g3; this results in
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Ji. = J, = 4U/3. We set t = 1.0 as the energy unit.
An illustration of our model is shown in Fig.1(a). To
some extent, this model is similar to the bilayer nickelate
model proposed in Refs. [37,38] and the mixed-dimensional
(mixD) model proposed in Ref. [45], except that the spin-
exchange in our model may be significantly large.

To investigate the properties of this model, we use
the DQMC algorithm to compute the observables at finite
temperature, (0) = Tre ?7O0/Tre . In the DQMC
algorithm, the e ## term is discretized into small time
slices, e PH = Iy e 97H  where Mdr = (3. Here, we use
a uniform and sufficiently small A7 = 0.1, so that the Trot-
ter errors O(A7?) are smaller than those associated with
the statistical sampling. Then the interaction part of the

Hamiltonian is decoupled via HS transformation, e"47# =

e~ dmHo Hi,a:l—B sz ’Ylmem"“w = Zl:(ll,lz,...) B(l). Af-
ter that, the observables can be expressed as a sum over
configurations of noninteracting systems. For more details
on the DQMC algorithm, please see Refs. [46,47].

The sign problem occurs when the determinant P(C')
is not positive definite. = The usual reweighting pro-
cess makes the observables become ZC; ;DC()CO)ECZ):/IF% |CF)’|(C)| .
Defining S(C) = %, the expression becomes

2o [P(O)|S(C)O(C)/ 3 1P(C)]
S TP(O)[S(C)/ S [P(O)] .
sampling process can then be applied to both the denom-

Then common Monte Carlo

inator and the numerator. However, when the positive
and negative terms of P(C) nearly cancel, the denomi-
nator will have a large statistical error compared to its
The accuracy of the simulations will be severely
degraded. A special family of models ensures that P(C)
is positive; these models have a Kramers-symmetric inter-
action operator V. The model used in this work is one of
this family. More details about these models can be found
in Refs. [24,44].

3. Results and Discussions.

value.

Following previous
works, ?°! the superconducting order parameter is defined
as

1
Osc = — E (cirreiay — cinyciot)- (4)
NoRA

To identify the superconducting transition temperature T¢,
we analyze the superfluid density ps, and we briefly de-
scribe the calculation of ps below. [48,49]

First, we define the x component of the current density

operator

jm(i,T)—eTH[ Z Z —icLzlacug—l—ichacHxla e TH
1=1,20="1,]
(5)

and the corresponding response function is expressed as
follows:

1 O a(Ri-Ry) . (r N
Aee(@) = 5= 30 [ are R i) 0) (O
»J

The superfluid density is the difference of the limiting lon-
gitudinal and transverse responses of current-current cor-
relations,

po = § (A" — A7), )

where

AL = lim Azz(qzaqy = 0)’
qe—0

qy—0

At the Kosterlitz—Thouless (KT) transition, the

universal-jump relation holds, (50,51]

™ _
T. = 5[75 . (9)

Here p; means the value of superfluid density below the
critical temperature T. To identify Tc, we plot ps(T") and
find its intercept with 27/.

From the calculated current-current correlations, one
can deduce the regular part of optical resistivity readily,

-1

R =1 | S /2560 | L (1)

and this relation is applicable at relatively high
temperatures. °2%7 Although this value may not be a
faithful representation of DC transport, R™® is helpful
for further investigation, such as deducing the Drude
weight. (54

Besides, the superconducting susceptibility xsc(8) is
defined as

xsc(B) =

1 [? . -
/dTZ(G HOgce ™0sc).  (11)
0

Nsite Y
>

For the KT transition, the superconducting susceptibility
Xsc satisfies the scaling relation ysc ~ L' f(L/€), where
€ ~ exp(A/(T — T.)"/?) with A being a constant indepen-
dent of temperature. At the transition point, xyscL 7
of different system sizes will cross each other since the &
goes to infinity.

In Fig. 2, we show the superfluid density ps for different
system sizes L with J, = J, = 4U/3. The size dependence
of the superfluid density is weak in most cases, and we can
fit the results to the following equation:

a

Te(L) = Te + by (12)

Below, we estimate T by these extrapolations.

To check the validity of these results obtained from ps,
we also examine the superconducting pairing susceptibil-
ity for different system sizes, and the results are shown in
Fig. 3. The superconducting transition temperature 7T, is
determined by the crossing point of the curves for differ-
ent system sizes. The crossing point between the L = 10
and L = 12 curves is close to the T, obtained from the
superfluid density ps, confirming the validity of our re-
sults. However, statistical errors have a significant effect
because the curves for different L are close to each other,
and finite-size effects also make it harder to extract Te.
For these reasons, we prefer to use the superfluid density
to estimate the superconducting transition temperature.
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Fig. 2. Temperature dependence of the superfluid density
ps with different lattice sizes at (a) U = 4.0 and (n) = 0.50;
(b) U = 1.5 and (n) = 0.85. The straight line is 27/,
and the superfluid density ps intersects this straight line at
T.. Results are extrapolated to L = oo by fitting based on
Eq. (12).
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Fig. 3. Temperature dependence of superconducting pair-
ing susceptibility with different lattice sizes at (a) U = 4.0
and (n) = 0.50; (b) U = 1.5 and (n) = 0.85. The values at
different system sizes L intersect each other at Tt.

Figure 1(b) shows T, as a function of electron filling
from U = 1.5 to U = 4.0. As U increases, the optimal
filling shifts to (n) = 0.5, which is close to the occupation
of the d,2_,2 orbital in single-crystal LNO. Recalling the
definition of our model, the interlayer spin-exchange inter-
action also increases when U becomes larger. When J is
large, a shift of the superconducting dome towards smaller
electron filling was found within the bilayer t—J model, 5%
and an optimal doping at (n) = 0.5 was also suggested for
the mixD+V model. *%57 In our work, where U is present,
the situation becomes more complex. Although J stabi-
lizes the binding energy, the monotonic increase of T, with
increasing U is not unexpected. However, the behavior at
large (n) is particularly noteworthy, as a non-monotonic
dependence of T, on U emerges under low doping con-
ditions, specifically, Tc initially increases, but further en-
hancement of U eventually suppresses superconductivity.
We will later demonstrate that this phenomenon arises
from the competition between U and J, and that U is
detrimental to superconductivity in the low-doping regime.
Due to this intricate dependence on U, the optimal doping
shifts toward (n) = 0.5 as U increases.

The phase diagram shown in Fig.1(b) also demon-
strates a possible strange-metal-like behavior exhibited by
this model. A superconducting dome as a function of dop-
ing arises in the bilayer model, which is similar to that in
doped cuprates and exhibits precise scaling laws among the
superconducting transition temperature, doping, and the
linear-in-T" scattering coefficient. B8] The strange-metal-

like behavior has also been reported in LagNisOg.03 *”! and
LNO crystals. ®! We shall discuss this further along with
the behavior of the regular part of resistivity later.

To investigate the superconducting transition temper-
ature for decreasing U, we must activate the other three
terms go, g4, and gs, to keep the system sign-problem-
free. In Fig. 4, we demonstrate the behavior of superfluid
density at L = 12 for different values of U while keeping
J = 4.0 fixed. Here, we can observe the varying depen-
dence of T. on U. At low doping levels, U could suppress
T. when J is fixed, and superconductivity might be in-
fluenced by other intertwined orders favored by U. This
reveals an intrinsic constraint on improving T, and also
indicates that higher doping, near (n) = 0.5, is more ben-
eficial for interlayer superconductivity. In LNO, since the
interlayer spin-exchange originates from interlayer hopping
and U, the effect of U could be very significant.

We now turn off the go, g4, and g5 terms and
investigate the effects of the t; term. In LNO, ¢,
modifies the Fermi surface topology. [60] The interlayer
hopping strengths for the d,2_,2 and d,» orbitals are
different, ®*%! with that for the d2_,2 orbital being much
smaller than that for the d,» orbital. As we can see
in Fig.5, interlayer hopping adversely affects supercon-
ductivity in our model with fixed values of U and J.
This could be because t; favors bonding and antibond-
ing states, while a large t, pushes these states away from
the Fermi surface, thereby suppressing many-body effects.
In fact, the strength of ¢, for the d,2 orbital can reach a
ratio of ¢, /t > 5, a regime which is examined in Fig. 5.
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h‘\\\
\\‘:\
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0.5 0.1 0.2 0.3 0.4 0.5

0.1 0.2 0.3 0.4

Fig. 4. Temperature dependence of the superfluid density
ps at different U with L = 12 and J, = J, = 4.0 for (a)
(n) = 0.5 and (b) (n) = 0.8. Unlike other parts of this
work, the relation J = 4U/3 does not hold in this diagram
to maintain the sign-problem-free condition.
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Fig. 5. Temperature dependence of the superfluid density
ps with fixed L = 12 and different ¢, at (a) U = 4.0 and
(n) =0.5; (b) U = 1.5 and (n) = 0.9. T, is suppressed as ¢

increases.
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Fig. 7. Temperature dependence of the resistivity with

L =12 at (a) U = 4.0 and (b) U = 1.5. The resistivity
shows a linear dependence on T at relatively high tempera-
tures.

We compare superfluid density ps with various ¢, , and T¢
can be estimated by finding the crossing point of the ps
curve and the line 27/7. One can see that a large ¢, does
not favor superconductivity. In Fig.5, when ¢; = 5.0, the
superfluid density drops below zero, which is unphysical at
first glance. However, in calculating the limiting longitudi-
nal and transverse responses, we use the smallest available
momentum instead of taking the limit as the momentum
approaches zero. This leads to errors in the results caused
by finite-size effects. As seen in Fig. 6, the superfluid den-
sity gradually approaches zero as system size increases.
However, in the simulations above, we have fixed the
strength of interactions J and U. In real materials, the
model parameters could be more complicated. The inter-
layer spin-exchange term J originates from U and ¢, , and
increasing ¢ will also enhance J. This is different from
our model where the proportion of U and J is fixed. In

real LNO systems, a moderate ¢, is beneficial to super-
conductivity, while a further increase in ¢t is detrimental
to it.

In the studies of high-T, superconductors, strange-
metal behavior which develops in the normal state is of
great importance for theoretical understanding. As we can
calculate current—current correlations to determine the su-
perfluid density, it is straightforward to extract the regu-
lar part of the resistivity R'® using the relation shown
in Eq.(10). In Fig.7, we show the resistivity at rela-
tively high temperatures as the method we used is only
compatible with the normal state. From this figure, a
linear relationship between temperature 1" and resistivity
can be observed, and this relationship is clearer at lower
electron densities (n). This may indicate a strange-metal
behavior at relatively high temperatures, which has been
widely observed in doped cuprates B8l and high-T¢c nick-
elate superconductors. [13,59] However, it should be noted
that the regular part of the resistivity R'® may be nu-
merically shaped by the specific form of the equation, es-
pecially in imaginary-time calculations based on the high-
temperature data. Thus, we only suggest the possibility of
strange metallicity in the bilayer model; more evidence is
necessary to confirm the strange metallicity, which exceeds
the scope of this work.

4. Conclusions. We study a sign-problem-free bilayer
Hubbard-like model using the DQMC algorithm, which is
closely related to the recently discovered bilayer nickelate
superconductor LNO. Both the promising reduced model
for LNO and our model emphasize the significant role of
the spin-exchange J term in the formation of supercon-
ductivity. Moreover, due to the special symmetry of our
model, we can avoid the sign problem in simulations at
arbitrary electron fillings, allowing us to conduct DQMC
simulations at relatively low temperatures with sufficient
accuracy. Our unbiased numerical calculations show that
optimal doping shifts toward (n) = 0.5 as the interaction
strength increases. In fact, this reflects a complex depen-
dence on U: it enhances superconductivity at high dop-
ing but weakens it at low doping. The interlayer hopping
term also weakens superconductivity. Furthermore, the
regular part of the resistivity exhibits linear-temperature-
dependent behavior, suggesting the possibility of strange
metallicity. However, due to the limitations in both equa-
tion and method, the strange metallicity needs further con-
firmation.
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