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We study the planar magnetic textures coupled to a two-dimensional Dirac surface state, where both the
magnetic texture and surface state form in the magnetic topological insulator surface layer. It is shown that
the radial vortex with winding number w = ±1 leads to the confinement of Dirac states, where a mapping to
the Schrödinger equation of a two-dimensional hydrogen atom is found. The fully spin-polarized zero-energy
bound state forms a flat band that resembles the zeroth Landau level of Dirac electrons in a uniform out-of-plane
magnetic field. Remarkably, the number of the zero-energy state is topologically robust. Interestingly, when
such a system is proximity coupled to an s-wave superconductor, the existence of Majorana zero modes at the
Abrikosov vortex depends only on the relative value of the magnetic exchange coupling and the pairing strength.
We conclude with a brief discussion on the physical realization with such magnetic textures.
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I. INTRODUCTION

Topology has become a central theme in condensed mat-
ter physics. Interesting quantum phenomena emerge from
the intricate interplay between nontrivial topology and mag-
netism [1–5]. Two outstanding examples are the quantum
anomalous Hall effect and axion insulators discovered in
magnetic topological insulators (TIs) [6–20]. The exchange
coupling between an out-of-plane magnetization and the TI
surface state opens a gap in the surface spectrum. The gap
opening is accompanied by the emergence of the surface
quantum Hall effect with a half-quantized Hall conductance
described by the axion electrodynamics [6], which is the phys-
ical origin of the topological magnetoelectric effect. It leads to
rich phenomena such as the quantum anomalous Hall effect
with a chiral edge state emerging at the magnetic domain wall
as well as the topological magneto-optical effect [21–23].

Peculiar physics emerges when the Dirac surface states
couple to spatially nonuniform magnetic textures, such as
skyrmions and domain walls [5,24–29]. In this paper, we
study theoretically the two-dimensional (2D) magnetic tex-
tures, formed in the surface layer of an intrinsic magnetic
TI coupled to TI surface states. A Dirac electron with a ra-
dial magnetic vortex with a winding number w = ±1 can be
exactly mapped to the Schrödinger equation of a 2D hydro-
gen atom. The fully spin-polarized zero-energy bound state
resembles the zeroth Landau level of Dirac electrons in a uni-
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form out-of-plane magnetic field. The radial magnetic vortex
acts effectively as a magnetic field along the z axis with 1/r
dependence. Interestingly, when the system is coupled to an
s-wave superconductor, the existence of emergent Majorana
bound states at the Abrikosov vortex core depends only on
the relative value of the magnetic exchange coupling and the
pairing strength.

The remainder of this paper is organized as follows.
Section II introduces the effective model for surface Dirac
electrons coupled to the planar magnetic texture. Section III
presents the analytic and numerical calculations of the energy
spectrum for radial and curling vortices, respectively. Sec-
tion IV presents results when the system is proximity coupled
to an s-wave superconductor. Section V discusses the phys-
ical realization of a planar magnetic texture. Some auxiliary
materials are relegated to the Supplemental Material (SM).

II. MODEL

The planar magnetic texture we consider exhibits the form
of S(r) ≡ Sn(r) = S[cos ϑ (r), sin ϑ (r), 0], where n(r) is the
unit vector describing the magnetization direction, and r =
(x, y). It is characterized by the topological winding num-
ber [30]

w = 1

2π

∮
∇ϑ · dr. (1)

Two typical magnetic vortices with w = 1 are illustrated in
Figs. 1(a) and 1(b).

In the presence of the magnetic vortex n(r) on the magnetic
TI surface layer, the surface states of a magnetic TI can be
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FIG. 1. (a), (b) Schematics of the radial and curling planar mag-
netic vortices in Eqs. (5) and (11), respectively. The vector field
represents the direction of local magnetization n(r). (c), (d) The
numerically calculated energy spectrum for the two cases in (a) and
(b) with gs = 2, vF = 10, respectively. The bound-state spectrum in
(c) is bounded by |E±| < gs.

described by the Dirac Hamiltonian

H = vF (k × σ ) · êz + gsn(r) · σ. (2)

Here, h̄ ≡ 1, vF is the Fermi velocity, êz is the unit vector
normal to the surface, and σ = (σx, σy, σz ) are the Pauli ma-
trices describing the spin. gs ≡ J ′Sρs/2, J ′ is the exchange
interaction between the local spin and surface electron, and ρs

is the sheet density of local spin. Without loss of generality,
we set gs/vF > 0 and neglect the particle-hole asymmetry.

We notice that the in-plane Zeeman term is equivalent to a
vector potential, thus the Hamiltonian becomes

H = vF [(k − A) × σ] · êz, (3)

where A(r) ≡ (gs/vF )[− sin ϑ (r), cos ϑ (r)]. For a generic
A(r), Eq. (3) is difficult to solve analytically. In the following,
we assume n(r) is rotationally invariant along the z axis. The
Hamiltonian conserves the total angular momentum, and the
energy spectrum can be obtained analytically by squaring H
to solve H2ψ = E2ψ , which is

H2/v2
f = −∇2 + A2 + 2iA · ∇ + i(∇ · A) − ∇ × A · σ.

(4)

In terms of the 2D polar coordinates (r, φ), Eq. (4) may be
separated into radial and angular parts. Two typical magnetic
textures are radial and curling vortices.

III. ENERGY SPECTRUM

A. Radial vortex

First, we consider a radial magnetic vortex illustrated in
Fig. 1(a),

n1(r) = êr = 1

r
(xêx + yêy), (5)

where r =
√

x2 + y2. Now A1(r) ≡ (gs/vF )(−y/r, x/r), and
∇ · A1 = 0, ∇ × A1 = (gs/vF )(êz/r), ∇ · ∇ × A1 = 0, and

A1 · ∇ = −(gs/vF )(y∂x − x∂y)/r ≡ (gs/vF )(iLz/r), with Lz

the orbital angular momentum operator. Then Eq. (4) becomes

H2
1

v2
F

= −1

r
∂r (r∂r ) + L2

z

r2
− gs

vF r
(2Lz + σz ) + g2

s

v2
F

, (6)

where ∂r ≡ ∂/∂r.
Since [Lz,H2

1] = 0, the eigenfunction of H2
1 must have

the form as ϕ(r, φ) = eimφ f (r), where the orbital momentum
quantum number m = 0,±1,±2, . . . is connected with the
total angular momentum j = m + 1/2. The radial wave func-
tion satisfies the equation[

1

r
∂r (r∂r ) − m2

r2
+ gs

vF r
(2m ± 1) − g2

s

v2
F

+ E2

v2
F

]
f (r) = 0.

(7)

Here, ± denote | ↑〉 and | ↓〉 with σz = +1 and σz = −1,
respectively. We define the dimensionless quantities

r′ = r
gs

vF
(m ± 1/2), E ′ = (E/gs)2 − 1

2(m ± 1/2)2
. (8)

Then Eq. (7) has the exact form as the Schrödinger equation of
a 2D hydrogen atom [31], which is the main result of this
paper, [

∂2

∂r′2 + 1

r′
∂

∂r′ − m2

r′2 +
(

2E ′ + 2

r′

)]
f (r′) = 0. (9)

Equation (9) can be solved algebraically due to the hidden
dynamical symmetry of the hydrogen atom [32], which is
related to the conserved Runge-Lenz operator K ≡ −(i∇ ×
Lz − Lz × i∇) − 2êr , satisfying [H2, K] = 0, [Lz, Kx] = iKy,
[Lz, Ky] = −iKx, and [Kx, Ky] = −4iLzH2

1.
Now r′ > 0 corresponds to an attractive Coulomb poten-

tial, which contains both bound discrete states and unbound
continuous states. For m � 0, the eigenvalue of the bound
states in Eq. (7) is E ′ = −1/2n2

2, where the principle quan-
tum number n2 ≡ nr + |m| + 1/2, with nr = 0, 1, 2, . . .. The
radial wave function fnr ,m(r′) = r′|m|e−r′/n2 F (−nr, 2|m| +
1, 2r′/n2), with F (α, γ ; x) the confluent hypergeometric func-
tion. The spinor wave function of H1 is obtained by noticing
that the degeneracy between | ↑〉 and | ↓〉 exists when nr,↑ =
nr,↓ + 1 and mr,↑ = mr,↓ − 1, namely E+,nr ,m = E−,nr−1,m+1.
Explicitly, the energy spectrum and (un-normalized) spinor
wave function of bound states of H1 are

E±
gs

= ±
(

1 − (m + 1
2 )2

n2
2

) 1
2

,

ψ± =
(

eimφ fnr ,m(r′
+)

∓
√

(nr+m+1)nr

(m+1)(2m+1)n2
ei(m+1)φ fnr−1,m+1(r′

−)

)
. (10)

The bound-state energies are within the interval between
±gs. The maximum of radial probability density is located
at rmax ≈ n2

2a/(m ± 1/2), with Bohr radius a ≡ h̄vF /gs. For
m < 0 (and r′ < 0), Eq. (9) corresponds to a repulsive
Coulomb potential, so there are no bound states, and the con-
tinuous energy spectrum satisfies E ′ � 0, namely |E | � gs.

The branch of states with nr = 0 are zero-energy states
and fully spin polarized as shown in their wave functions
ψ = [eimφ f0,m(r′

+), 0]T . They form a flat band resembling
the spin-polarized zeroth Landau level of Dirac fermions in
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a uniform magnetic field. However, the magnetic translation
symmetry is absent here since ∇ × A1 scales as 1/r. Conse-
quently, the density of states of the zero-energy states scales
as 1/r away from the center, consistent with the classic radius
rm = (m + 1/2)a. This situation is similar to the Landau level
formation of a 2D Rashba system subject to a harmonic poten-
tial [33,34]. It is worth mentioning that the confinement of the
Dirac surface state subjected to 3D magnetic skyrmions has
been studied previously [28,29]. However, the main difference
here for a Dirac surface state coupled to a 2D radial magnetic
vortex is the emergence of a zero-energy bound state, where
the number of such zero-energy states is topologically robust,
which equals N − 1 with N the closest integer to the total
flux in units of flux quantum, as an application of the Atiyah-
Singer index theorem to the 2D Dirac equation [35].

The analytic solutions of the energy spectrum are further
confirmed by the numerical calculation in Fig. 1(c). Here,
we choose a disk geometry, and the radial wave function is
expanded in terms of the Bessel function [36], the expanding
order, and the disk radius R is large enough to ensure conver-
gence and capture the low-energy states [37].

B. Curling vortex

Next, we consider a curling magnetic vortex shown in
Fig. 1(b),

n2(r) = êφ = 1

r
(yêx − xêy). (11)

Then A2(r) = (gs/vF )(x/r, y/r), with a zero emergent mag-
netic field ∇ × A2 = 0 and ∇ · A2 = (gs/vF )(1/r). Interest-
ingly, the curling texture can be gauged away, i.e., A2 →
A′

2 + (g/vF )∇r and ψ → ψ ′ exp(igr/vF ). There are no
bound-state solutions but only continuous-state solutions [37].
The energy spectrum is numerically calculated in Fig. 1(d).

IV. MAJORANA BOUND STATE

It is well known that the localized Majorana zero modes
(MZMs) arise in the Abrikosov vortex core when TI Dirac
surface states are proximity coupled to an s-wave su-
perconductor [38–43]. Skyrmion-induced bound states in
superconductors have been studied previously [44,45]. Now
we study the fate of MZMs in the presence of a 2D magnetic
texture on a TI surface.

Here, we consider a bilayer heterostructure with an s-wave
superconductor and magnetic TI, where a magnetic texture is
assumed to form on the intrinsic magnetic TI surface layer.
Now the pairing term V = �(r)ψ†

↑ψ
†
↓ + H.c. is added to H,

where �(r) is the superconducting proximity-induced pairing
potential on a surface state. The system can be diagonalized
with the Bogoliubov transformation

ψσ (r) =
∑

n

[un,σ (r)γn + v∗
n,σ (r)γ †

n ], (12)

where γ †
n creates a Bogoliubov quasiparticle. Then the result-

ing Bogoliubov–de Gennes (BdG) equation is(
H − μ �(r)
�∗(r) −σyH∗σy + μ

)
n(r) = Enn(r), (13)

with the BdG energy spectrum En and Nambu wave function
n(r) = [un↑(r), un↓(r), vn↓(r),−vn↑(r)]T .
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FIG. 2. The BdG energy spectrum of the Abrikosov vortex
�0(r)eiθ for radial vortex texture. (a) gs = 0.5, μ = 0, �0 = 1.0.
(b) gs = 1.0, μ = 0, �0 = 0.5. (c) gs = 0.5, μ = 5.0, �0 = 1.0.
(d) gs = 1.0, μ = 5.0, �0 = 0.5. We set vF = 10.

The BdG equation can be solved numerically for a general
pairing potential. Here, for simplicity we assume �(r) for a
surface state that has the form of an Abrikosov vortex, where
the origin of the vortex core coincides with the center of the
magnetic texture as in Fig. 3(a), and the effective magnetic
flux is contributed by the radial magnetic vortex on the surface
layer. We mention that the spin moment from the magnetic
texture acts as an effective gauge field, the curl of which
must fulfill the requirement to exceed a lower critical field in
order to generate a vortex in the superconductor. Otherwise,
this may further limit the exact form of the pairing potential
presented here. Now Eq. (13) has a cylindrical symmetry. In
the polar coordinate, the pairing potential with a vortex is
�(r) = �0(r)eiθ = �0 tanh(r/ε0)eiθ , where ε0 characterizes
the size of the vortex core. The wave function can be factor-
ized into

n,� = ei�θ (un,�↑, un,�+1↓eiθ , vn,�−1↓e−iθ ,−vn,�↑)T ,

where the principle quantum number n is determined by solv-
ing the radial equation in the basis of a Bessel function. The
details of the numerical calculations are given in the Supple-
mental Material [37]. The calculation is performed on a disk
of radius R = 40ε0.

Figure 2 shows the numerical results of the BdG energy
spectrum for a radial vortex. The MZM is denoted as a red
dot. As shown in Figs. 2(a) and 2(b) for μ = 0, the existence
of a MZM depends only on the relative value of the magnetic
coupling gs and pairing strength �0, namely a MZM exists for
gs < �0 and disappears for gs > �0. The zero-energy states
in Fig. 2(b) are not MZMs, but originate from the zero-energy
bound states in Fig. 1(c), which deviate from zero by adding a
small Zeeman term �zσz into H. These results can be simply
understood that for μ = 0, the chemical potential resides in
the bound-state spectrum. Only when the pairing potential ex-
ceeds the bound-state energy and reaches the continuous state,
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(a) (b)

FIG. 3. (a), (b) The MZMs are trapped near the surface in the
Abrikosov vortex core. The vortex center coincides with the center
of the magnetic texture in (a) but is shifted away in (b).

the MZM from the superconducting Dirac fermion proposed
by Fu-Kane applies [38]. This is further confirmed in Figs 2(c)
and 2(d), where a finite μ > gs crosses the continuous states,
and the MZM always exists in the vortex core. However, for
the μ > gs case, the system is gapless for finite � when gs >

�0 as shown in Fig. 2(d). We further calculate the vortex case
�0(r)eiθ and gs < 0 [37], where the MZM exists |gs| < |�0|
and disappears for |gs| > |�0|. The subtle difference between
positive and negative gs in the vortex case can be seen from
the analytic solution. In the limit of ε0 → 0, the vortex core
(where �0 vanishes) can be taken to have a negligible size
and the boundary condition at r → 0 is unimportant, so the
analytic zero-energy MZM solution is

γ
†
0,+ = (1, 0, 0, 1)T exp

(
−

∫ r

0
dr′ �0(r′) + gs

vF

)
. (14)

The solution is unphysical at r → ∞ when gs < −�0 < 0.
For an antivortex �0(r)e−iθ , the MZM solution is
γ

†
0,− = (0, 1,−1, 0)T exp(− ∫ r

0 dr′[�0(r′) − gs]/vF ). This
represents that the MZM is from the consistent phase winding
between �(r) and the magnetic texture A1.

Now we understand that the radial magnetic texture ef-
fectively acts as an Abrikosov vortex, where the Abrikosov
vortex core is at the center of the magnetic texture. We put the
Dirac surface state on a sphere, and assume magnetic vortex
(gs > 0) and antivortex (gs < 0) pairs are located at the north
and south poles, respectively. In Fig. 3(a), when the flux line
of the effective Abrikosov vortex penetrates the two poles, the
pairing potential is �0(r)eiθ and �0(r)e−iθ locally at the north
and south poles, respectively. The solutions for the MZM at
the north and south poles are exactly the same, as they are
time-reversal partners of each other. Now in the case of a weak
exchange interaction gs, where the radial magnetic texture
could not contribute to a flux quantum, we need to add an
external magnetic field to generate an Abrikosov vortex. If the
external generated Abrikosov vortex core coincides with the
center of the magnetic texture, the MZM locates at the north
and south poles. Now the flux line is adiabatically shifted
away from the south pole to point Z in Fig. 3(b). For the condi-
tion when the BdG spectrum has a full gap with a vortex-free
pairing potential (which is gs < �0, illustrated in SM [37]),
then the MZMs, if they exist, can only be localized at the
Abrikosov vortex core, since away from the vortex core the
surface spectrum is gapped. Also, the condition for existence

of MZMs in the vortex core at the Z point should be the same
as that at the north pole (gs < �0), otherwise it will be con-
tradictory to the fact that MZMs always come in pairs. This
argument can also be understood in the limit when the Z point
is far away from the origin of the magnetic textures, so then
the magnetization is approximately uniform and parallel to the
surface. The parallel in-plane exchange term shifts the Dirac
point away from the � point in the perpendicular direction,
and introduces a pair-breaking effect between states at k and
−k. The superconducting surface states remain topological
with a gap when �0 > gs [46], which is exactly the condition
for the existence of MZMs in the vortex core. However, the
adiabatical continuity fails when the BdG spectrum is gapless
with a vortex-free pairing potential.

V. PHYSICAL REALIZATION

The above 2D magnetic texture has a singularity at
the origin, while in ferromagnet films with a hard axis
pointing along the z axis, a magnetic vortex with a spi-
raling magnetization configuration could emerge. n(r) =
(cos ϕ

√
1 − n2

z , sin ϕ
√

1 − n2
z , nz ), where nz(r) depends only

on r =
√

x2 + y2, ϕ = qφ + φ0. The radial vortex q = 1,
φ0 = 0 is a stabilized interfacial Dzyaloshinskii-Moriya inter-
action (DMI) [47], while a curling vortex q = 0, φ0 = −π/2
is obtained by minimizing the dipolar interactions [48,49].
They are the same as those in Figs. 1(a) and 1(b) at large
r, respectively. Generally, nz(0) = 1 and decays to n(ξ0) = 0
within the decay length ξ0, where a typical form is nz(r) =
sech(r/ξ0) with ξ0 ≈ 5–10 nm. As long as a > ξ0, the above
study applies to the coupling between the Dirac electron and
such a realistic magnetic vortex. Here, a is the size of the
magnetic vortex within which a flux quantum is obtained.
The bound state located at rmax may be probed by scanning
tunneling microscopy. For an estimation, take vF ≈ 5 × 105

m/s in Bi2Te3, then a ≈ 30 nm when gs = 11 meV.
We propose an artificial two-bilayer ferromagnet het-

erostructure to create a magnetic radial vortex, where the
dipolar energy is minimized by an antiferromagnetic coupling
between them and the radial vortex is obtained by the DMI
gradient along the radial direction, namely the DMI parame-
ter monotonically decreases as r increases. Another potential
system is an intrinsic magnetic TI, where a magnetic texture
is formed on the surface layer, for example, the spiral or
skyrmion phases have been proposed as competing magnetic
orders in MnBi2Te4 [50].

The incorporation of the magnetic proximity effect into
a TI has been exemplified in heterostructures with magnetic
insulators [51–53]. Recently, a van der Waals magnetic TI
MnBi2Te4 and its descendants have been discovered [54–59],
which is compatible with the Bi2Te3 family of materials.
Furthermore, superconductors MoRe, NbSe2, and Nb show
a good proximity effect with TIs [60,61]. Such experimental
progress on the material growth and rich material choice of
TIs and magnetic insulators make it possible to realize a
magnetic vortex in TI heterostructures.
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