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Unification of valley and anomalous Hall effects in a strained lattice
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Two-dimensional lattices are an important stage for studying many aspects of quantum physics, in partic-
ular the topological phases. The valley Hall and anomalous Hall effects are two representative topological
phenomena. Here we show that they can be unified in a strained honeycomb lattice, where the hopping
strengths between neighboring sites are designed by mimicking those between the Fock states in a three-mode
Jaynes-Cummings model. Such a strain induces an effective magnetic field, which results in quantized Landau
levels. The eigenstates in the zeroth Landau level can be represented by the eigenstates of a large pseudo-spin. We
find that the valley Hall current and the chiral edge current in the Haldane model correspond to the pseudo-spin
precession around different axes. Our study sheds light on connection between seemingly unrelated topological
phases in condensed matter physics.
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I. INTRODUCTION

Lattice dynamics beyond real space has been investigated
in cold atoms [1] and photonic systems [2,3] with synthetic
extra dimensions. By using the Fock states of multiple cavities
coupled to a two-level atom, lattices in arbitrary dimensions
can be synthesized [4–7]. These Fock-state lattices offer a
new tool for engineering quantum states (such as the prepara-
tion of mesoscopic superposition states [6]) and investigating
high-dimensional topological physics [7]. In particular, the
inhomogeneous coupling strengths between the Fock states,
which are proportional to

√
n with n being the photon num-

ber in the Fock states, resemble strain in real-space lattices.
Such a specific strain creates unconventional edges and pro-
vides a unique platform for investigating exotic phenomena in
strained lattices [8–16].

In graphene, a nonuniform strain can induce an effective
magnetic field with a strength much larger than that of a
real magnetic field [17–21]. Similar mechanisms have been
implemented in atomic and molecular [22,23], photonic [24],
and phononic [25,26] lattices to achieve quantized Landau
levels. The strain induced magnetic field has opposite signs
in the two valleys of graphene, which offers new controlling
knobs for valleytronic engineering [27–32]. However, only
excitations near the two valleys in weak strain field can be
investigated with perturbative methods [9,12,19]. The relation
between the two valleys under the same strain, in particular
for those that can open a band gap [13], is still unclear.

In this paper, by mimicking the exactly solvable Fock-state
lattices, we unify the valley Hall current [33–35] and the chiral
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edge current of the Haldane model [36] in a strained tight-
binding lattice. The strain results in quantized Landau levels.
We use the eigenstates in the zeroth Landau level to construct
a large pseudo-spin. The valley Hall current and the chiral
edge current correspond to the spin precession about different
axes. We also establish a mapping between the Aharonov-
Bohm (AB) phase of an electron [37] and the Berry phase
of a spin [38]. This Letter sheds new light on hidden rela-
tions between different topological phenomena in condensed
matter physics.

We schematically show the essence of the valley Hall sys-
tem and the Haldane model in Fig. 1. In a honeycomb lattice
where the inversion symmetry is broken, e.g., by different
on-site potential of the two sublattices or a nonuniform strain

FIG. 1. (a) Valley Hall current. In a honeycomb lattice with in-
version symmetry breaking, the two valleys (K and K ′) have opposite
Berry curvatures. Wave packets at the two valleys drift in opposite
directions (as shown by the gray arrows) perpendicular to the sub-
jected electric field (the big green arrow). (b) Haldane edge current.
With phased next-nearest-neighbor hopping terms (the arrows on the
dashed lines show the hopping directions attached with phase factor
i) that break the time-reversal symmetry, edge currents propagate in
opposite directions (the gray arrows).
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field, the Berry curvatures at the two valleys have opposite
signs. An electric field would induce Hall currents propor-
tional to the Berry curvatures, such that the wave packets at
the two valleys drift in opposite directions [33–35]. On the
other hand, in the Haldane model the next-nearest-neighbor
(NNN) hopping terms break the time-reversal symmetry and
the wave packets propagate in opposite directions at the two
edges [36,39,40]. There is a dual relation between the electric
field in the valley Hall system and the NNN terms in the
Haldane model. In the valley Hall effect, the electric field
breaks the inversion symmetry, and the valley currents at the
two time-reversal symmetric points (K and K ′) are opposite.
In the Haldane model, the NNN terms break the time-reversal
symmetry, and the resulted chiral edge currents at the inver-
sion symmetric points (upper and lower edges) are opposite.
Since the time-reversal symmetry is equivalent to momentum-
reversal symmetry, such a dual relation indicates that these
two effects are unified in an integrated phase space of position
and momentum. We found that both of them can be repre-
sented by the precession of a large pseudo-spin. The states at
the K and K ′ points correspond to the pseudo-spin states at the
north and south poles of the Bloch sphere. The Haldane edge
states correspond to the pseudo-spin coherent states at the
equator. The valley Hall current and the Haldane edge current
correspond to the spin precession around a pseudo-magnetic
field in and perpendicular to the lattice plane, respectively.

II. FOCK-STATE LATTICE AND EFFECTIVE MAGNETIC
FIELD

To demonstrate that relation, we construct a tight-binding
model of exactly flat bands for arbitrary size of lattices
[41–44] by borrowing the coupling strengths in the Fock-state
lattice of a multimode Jaynes-Cummings (JC) model [6,7,45],

HJC = g
3∑

i=1

(ciσ
+ + σ−c†

i ), (1)

where g is the vacuum coupling strength, ci and c†
i are the

bosonic annihilation and creation operators of the photons
in the i’th cavity, and σ+ ≡ |b〉〈a| and σ− ≡ |a〉〈b| are the
raising and lowering operators of a two-level atom with the
excited state |b〉 and ground state |a〉. The Fock states with p,
q, and r photons and the atom in the state |b/a〉 are denoted as
|b/a; p, q, r〉. The Hamiltonian HJC conserves the total exci-
tation number N = p + q + r + (σz + 1)/2. The eigenstates
and eigenenergies can be obtained by transforming the three
photonic modes to a bright mode and two dark modes (see
Appendix A). The bright mode couples the two atomic states
and results in the ±√

n splitting of the energy levels, while
the dark modes contribute to the degeneracy of each energy
level [7]. These are in reminiscence of the Landau level quan-
tization of electrons near the Dirac cones in graphene, which
can be investigated by mapping the coupling coefficients of
the Hamiltonian in Eq. (1) to a strained honeycomb tight-
binding model. By replacing the Fock states |b; p − 1, q, r〉
and |a; p, q, r〉 with lattice sites, we construct a tight-binding
lattice Hamiltonian,

H =
∑
pqr

g(
√

pb†
p−1 jk + √

qb†
pq−1k + √

rb†
pqr−1)apqr + H.c.,

(2)

FIG. 2. Effective magnetic field and Landau levels in a tight-
binding honeycomb lattice under a JC model strain. (a) A honeycomb
tight-binding lattice with Hamiltonian in Eq. (2). Red and blue
sites denote a and b sublattices. Numbers label the indices pqr of
a-sublattice sites on the boundary. The line widths are proportional to
the hopping coefficients. (b) Displacements of the Dirac cones in the
Brillouin zone (at the position denoted by “�”) and the distribution of
the strain-induced vector potential A+(r)/q0, where q0 = 4π/3

√
3u.

The orientations of the arrows denote the directions and the colors
denote the values. (c) Distribution of the strain-induced effective
magnetic field B+(r)/B0. (d) The eigenenergy spectrum of the tight-
binding lattice, E±

n0,C = ±√
3n0g for the upper and lower n0th Landau

level and chirality C.

where apqr and bpqr are the fermionic annihilation opera-
tors on the two sublattices. The honeycomb lattice contains
(N + 1)2 sites with a triangular boundary, as shown in
Fig. 2(a). We meet the boundary when one of p, q, r be-
comes zero. We define the center of the triangular boundary
as the origin and the x axis pointing at the top ver-
tex and the y axis pointing horizontally to the left, as
shown in Fig. 2(a). The coordinates of each site p, q, r
are x = u(2r − p − q)/2 and y = √

3u(p − q)/2, with u
being the lattice constant, obtained by seeking the expecta-
tion values of the operators x → u(2c†

3c3 − c†
1c1 − c†

2c2)/2
and y → √

3u(c†
1c1 − c†

2c2)/2 in the corresponding Fock-
state lattice. Here “→” means a mapping to the equivalent
quantities in the Fock-state lattice.

In the adiabatic limit, the lowest order Hamiltonian can be
expanded near the Dirac points [13,18,46],

H = ξvF [p − eAξ (r)] · σ, (3)

where vF = gu
√

3N/2h̄ is the Fermi velocity, σ = σxx̂ + σyŷ
is the two-dimensional Pauli matrix vector, p is the lattice mo-
mentum, e is the electric charge, Aξ (r) is the strain-induced
gauge fields with ξ = + and − for the K and K ′ points, and
r is the displacement from the geometric center of the lattice.
We obtain Aξ (r) by calculating the displacements of the two
Dirac points due to the strain [9,12,13] [see Fig. 2(b)]. The
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strain-induced effective magnetic field is (see Appendix B)

Bξ (r) = ∇ × Aξ (r) = −ξ
B0√

1 − r2/R2
ẑ, (4)

where B0 = 2h̄/Neu2, and R ≡ Nu/2 is the radius of the in-
circle of the triangular lattice boundary. By substituting the
lattice constant of a real graphene u = 0.14 nm, we obtain
B0 = 6.5 × 104/N tesla. For a piece of graphene with mi-
crometer size, N is in the order of 104 and B0 is a few tesla,
which is achievable in distorted graphene [19]. Obviously,
when N → ∞, the effective magnetic field at the center of
the lattice B0 → 0. The effective magnetic field is undefined
on the incircle |r| = R [see Fig. 2(c)], where the two Dirac
points merge and a band gap opens [13]. A Lifshitz topolog-
ical phase transition [47] occurs on the in-circle, which is an
unconventional edge that encloses a piece of semimetal in real
space and connects the K and K ′ points in momentum space.
Such an edge enables us to integrate the valley Hall system
and the Haldane model in a unified picture.

III. RELATION BETWEEN THE BERRY PHASE OF A SPIN
AND THE AHARONOV-BOHM PHASE

We diagonalize H in Eq. (2) by borrowing coefficients
of the eigenstates of HJC in Eq. (1), which can be eas-
ily diagonalized by introducing three combinational modes
[6,7], d†

0 = ∑
j c†

j/
√

3 and d†
± = ∑

j c†
j exp (±2i jπ/3)/

√
3

(see Appendix A), and the eigenenergy spectrum is shown
in Fig. 2(d). It is obvious that the eigenenergies scale with√

n, the same as the Landau levels of electrons in a magnetic
field near the Dirac cones of graphene. There are N + 1 zero-
energy states, |ψ0,C〉 = |a; 0, n+, n−〉d , where C = n+ − n−
and n j = 〈d†

j d j〉 in the state ket |...〉d is the photon number
in the Fock state of the d j mode ( j = 0,±). By introduc-
ing the Schwinger representation of an angular momentum,
Jx = (d†

+d− + d†
−d+)/2, Jy = i(−d†

+d− + d†
−d+)/2 and Jz =

(d†
+d+ − d†

−d−)/2 [48], we construct the eigenstates of a
pseudo-spin j = N/2 by using the states |ψ0,2m〉 with m =
−N/2,−N/2 + 1, ..., N/2 being the magnetic quantum num-
bers. It is interesting to note that Jx and Jy are time-reversal
even while Jz is time-reversal odd, which turns out to be
responsible for the symmetry properties in the valley and
anomalous Hall effects, respectively.

A pseudo-spin coherent state |θ, φ〉 [49,50] (see
Appendix C) corresponds to a wave function in the
honeycomb lattice, ψθ,φ (r), as shown in Figs. 3(a) and
3(b). We establish the correspondence between the polar
coordinates (θ, φ) and the position r by overlapping
the equator of the Bloch sphere and the in-circle of the
tight-binding lattice, as shown in Fig. 3(c). The expectation
value of the position r of the electronic wave function ψθ,φ (r)
is the projection of the Bloch sphere point (θ, φ) on the
equator plane, i.e., 〈r〉 = R sin θ cos φx̂ + R sin θ sin φŷ (see
Appendix C). We adiabatically move the state |θ, φ〉 along a
small loop that subtends a solid angle d	 [see Fig. 3(c)], the
accumulated Berry phase is [38,49]

dγ = −Nd	/2. (5)

FIG. 3. States and Berry phases in the zeroth Landau level
compared with those of a pseudo-spin. Quasidistribution function
W (θ, φ) = |〈θ ′, φ′|θ, φ〉|2 of the spin coherent states |θ, φ〉 = |0, 0〉
(a) and |π/2, π〉 (b) are shown with the probability distributions of
the corresponding states ψθ,φ (r) in the zeroth Landau level of the
strained lattice. The radii of the filled circles in the lattice are pro-
portional to the probabilities on the corresponding sites. (c) Relation
between the Berry phase of the pseudo-spin and the AB phase in the
the lattice, both accumulated in closed loops.

The mapping between the pseudo-spin coherent state and
the wave function ensures that ψθ,φ (r) accumulates the same
geometric phase during the adiabatic transport. In this case it
is the AB phase,

dγ = e

h̄
Bξ dS. (6)

We note that dS = ξR2 cos θd	 with ξ = + and − for projec-
tion from the upper and lower halves of the Bloch sphere. By
equaling Eqs. (5) and (6) we obtain Bξ in Eq. (4), which can
also be calculated independently through the strain induced
motion of the Dirac points. These two geometric phases were
the two examples given in the original paper of Berry [38].
Here we show that in our specific model the two geometric
phases can be mapped into each other. In contrast to a pseudo-
spin-1/2 model that is usually used for the two valleys [33],
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FIG. 4. A unified picture of electronic responses in the valley and anomalous Hall effects. (a) Time evolution of the electronic wave packet
in a static electric field in −x direction with the initial state |θ, φ〉 = |π, 0〉. (b) Time evolution of the edge state in the Haldane model with
the initial state |θ, φ〉 = |π/2, π/2〉. Figures on the left show the traces of the states during the time evolution, with the yellow arrows being
the precession axes. The arrows to the Bloch sphere represent the spin coherent states. The curled blue and red arrows show the traces of the
spin coherent state and the zeroth Landau level state, respectively. Figures on the right are three snapshots of the states during the evolution in
sequence, at t = 0, T/4 and T/2 with T being the precession period.

here the K and K ′ points correspond to the two poles of the
Bloch sphere of a spin-N/2.

IV. RELATION BETWEEN THE VALLEY HALL
RESPONSE AND THE CHIRAL EDGE CURRENT IN THE

HALDANE MODEL

To investigate the valley Hall effect, we introduce the
potential due to a weak electric field HV = −eExx − eEyy.
Here the field is weak, i.e., euEx, euEy 
 g such that the
transition between different Landau levels (i.e., the Landau-
Zener tunneling) is negligible. We rewrite x and y in the
d modes and drop the terms containing d0 and d†

0 , which
would induce interband transitions. Then we obtain X = x −
Py/eBξ = uJx and Y = y + Px/eBξ = uJy, which, containing
no d0 terms, are the x and y coordinates of the guiding center,
describing the motion within a Landau level, with Px and Py,
which contain d0 terms, denoting the mechanical momenta in-
volving transition between Landau levels [18] (see Appendix
D). Consequently, the valley Hall effect can be calculated by
the following Hamiltonian,

HV → −euE · J. (7)

The valley Hall response of the electronic wave function
is represented by the precession of a pseudo-spin around a
pseudo-magnetic field pointing in the x-y plane. The static
electric field in the Hall effect plays the role of a pseudo-
magnetic field. Here the pseudo-magnetic field acting on the
pseudo-spin (as mapped from the electric field in the lattice)
should not be confused with the effective magnetic field due
to strain of the lattice.

In the valley Hall effect, the strain-induced effective mag-
netic fields and thus the Hall responses at the two valleys have
opposite signs [19]. We assume that the electric field is applied
along the −x direction, and the Hamiltonian is euExJx. The

Heisenberg equation of Jy is

J̇y = 1

ih̄
[Jy, euExJx] = −euExJz

h̄
. (8)

At the K and K ′ point, Jz = ξN/2, we obtain Ẏ = uJ̇y =
−ξEx/B0, which is evident that the Hall responses at the two
valleys have opposite signs, as shown in Fig. 4(a) at t = 0 and
T/2. At the two valleys, the Hall conductivity contributed by
the electrons in the zeroth Landau level is (only for one spin),

σ ξ
yx = ρeẎ

Ex
= −ξ

e2

h
, (9)

where ρ = 1/2π l2
B is the density of electrons [18] and lB =√

h̄/eB is the magnetic length. We have used the relation
lB/u = √

N/2 at the two valleys [7]. Since the magnetic field
depends on the position, the velocity of the electronic wave
function changes when it moves, characterized by an oscil-
lation in the in-circle and reflection at the Lifshitz transition
edge due to band-gap opening.

We introduce Haldane NNN hopping terms HH [36,40],
e.g., iκ[

√
p(q + 1)a†

(p−1)(q+1)rapqr − √
pqb†

(p−1)qrbp(q−1)r] +
H.c. with complex hopping coefficients in the Fock-
state lattice,

HH → −iκσz

∑
j

c†
j+1c j + H.c. = −2

√
3κσzJz, (10)

where κ is a coupling coefficient. Therefore, the Haldane
terms correspond to a pseudo-magnetic field in z direction
and its signs are opposite for the two sublattices. In the zeroth
Landau level, only the a sublattice is occupied and σz = −1.
The dynamics of the electronic wave function is mapped to
the precession of a pseudo-spin in a pseudo-magnetic field
pointing in the z direction. A wave packet prepared on the
in-circle makes chiral rotation around the center of the lattice,
which is the key feature of the Haldane model, as shown in
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Fig. 4(b). Although the position-dependent coupling strengths
break the translational symmetry of the lattice and the Chern
number cannot be calculated from the traditional lattice bands
[51], the Chern numbers of the two bands of the Fock-
state Haldane model can be obtained from the topological
marker [7].

V. DISCUSSION AND CONCLUSION

The results in this paper can be simulated in Fock-state
lattices of three resonators coupled to a single qubit in a super-
conducting circuit [52–54]. The coupling strength gi between
the resonator i and the qubit shall be tunable, such that the
initial state can be prepared adiabatically as follows. We first
set g1 = g3 = 0 and g2 a finite value and prepare an N photon
state in resonator 1. We then tune up g1 to the value of g2

in a time scale much longer than 1/g2 to satisfy the adiabatic
condition. In this way we prepare a pseudo-spin coherent state
located in the middle of the bottom edge in Fig. 2(a) and the
state corresponds to a spin coherent state along −x [7,55].
Then we set g3 = g2 and detune the frequencies of resonators
1 and 2 to introduce an effective electric field, such that we
can observe the valley Hall response by measuring quantum
states of the three resonators as functions of time. The Haldane
model can be constructed by periodically modulating the fre-
quencies of the three resonators or the three coupling strengths
[6,52,56] and the chiral edge current can be observed from the
dynamics of the wave function.

In conclusion, we propose an exactly solvable model of
a strained lattice whose hopping rates are derived from the
transitions between the Fock states of a three-mode JC model.
The states in the zeroth Landau level of the strain-induced
effective magnetic field can be represented by a pseudo-spin.
We demonstrate that the valley Hall current can be represented
by the spin precession around an in-plane pseudo-magnetic
field, while the chiral edge current in the Haldane model
can be represented by the spin precession around a pseudo-
magnetic field perpendicular to the lattice plane. The method
can be generalized to various strained lattices in arbitrary di-
mensions by introducing more atomic levels or cavity modes.
This work reveals deep connections between the topologi-
cal phases in condensed matter physics and cavity quantum
electrodynamics.
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APPENDIX A: EIGENSTATES OF THE MULTIMODE JC
MODEL

The JC model Hamiltonian in Eq. (1) can be simplified by
introducing the mode transformation⎡
⎢⎣

d†
0

d†
+

d†
−

⎤
⎥⎦ = 1√

3

⎡
⎢⎣

1 1 1

e2iπ/3 e4iπ/3 1

e−2iπ/3 e−4iπ/3 1

⎤
⎥⎦

⎡
⎢⎣

c†
1

c†
2

c†
3

⎤
⎥⎦ ≡ U [c†

i ], (A1)

where UU † = 1 and [d†
i , d j] = −δi j for i, j = 0,+,−. Then

HJC is reduced to a single-mode JC model

HJC =
√

3g(d0σ
+ + d†

0 σ−), (A2)

whose eigenstates are |ψ±
n0,C

〉 = (|b; n0 − 1, n+, n−)d ±
|a; n0, n+, n−〉d )/

√
2 for n0 = 1, · · · , N with eigenenergy

±√
3n0g and |ψ0,C〉 = |a; n0, n+, n−〉d with eigenenergy 0.

Here C = n+ − n− plays the role of the lattice momentum in
an infinite lattice.

For the explicit form of the lattice wave function, we ex-
pand |ψ0,C〉 in the c j modes to obtain the wave function of the
zero energy states,

|ψ0,C〉 =
∑
pqr

pC
pqr |a; p, q, r〉δN,p+q+r, (A3)

where the coefficients are

pC
pqr =

∑
n1n2n3

√
n+!n−!p!q!r!ei 2π

3 (2n1−2n2−p+q)

√
3N n1!n2!n3!(p − n1)!(q − n2)!(r − n3)!

× δn+,n1+n2+n3 .

(A4)

The coefficients pC
pqr can be used to construct the eigen-

modes in the zeroth Landau level of the tight-binding lattice
Hamiltonian H ,

ã†
0,C =

∑
pqr

pC
pqra†

pqr . (A5)

Similar procedure can be taken to obtain eigenmodes in other
Landau levels of H .

APPENDIX B: EFFECTIVE MAGNETIC FIELD
GENERATED BY THE SHIFT OF THE DIRAC CONES

For the Dirac points of a tight-binding honeycomb lattice,
the Bloch wave vector p satisfies the relationship

|t3 + t1e−ip·v1 + t2e−ip·v2 | = 0, (B1)

where v1 = (−3u/2,
√

3u/2) and v2 = (−3u/2,−√
3u/2).

In the Fock-state lattice the coupling strengths between each
a-sublattice site |a; p, q, r〉 and the three nearest-neighbor
b-sublattice sites are t1 = √

qg, t2 = √
pg, t3 = √

rg, corre-
spondingly. Accordingly, the positions of the Dirac points are
explicitly obtained through the equations

cos p · v2 = t2
1 − t2

2 − t2
3

2t2t3
= q − p − r

2
√

pr
≡ s2,

cos p · v1 = t2
2 − t2

1 − t2
3

2t1t3
= p − q − r

2
√

qr
≡ s1. (B2)
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The above equations only have solutions when |t1 − t2| <

t3 < |t1 + t2|, which results in p2 + q2 + r2 < N2/2, corre-
sponding to sites within the in-circle of the lattice. The sites
that cannot satisfy this relation locate outside of the in-circle,
where a band gap opens and no Dirac point can be found. The
solutions give the position of Dirac points

pξ
x = ξ

3u
(arccos s1 − arccos s2),

pξ
y = − ξ√

3u
(arccos s1 + arccos s2), (B3)

where the superscript ξ in pξ = (pξ
x, pξ

y ) denotes the two Dirac
points K (for ξ = +) and K ′ (for ξ = −). At the center of the
lattice p = q = r = N/3, s1 = s2 = −1/2 and pξ

x0 = 0, pξ
y0 =

−ξ4π/3
√

3u are the locations of the unshifted Dirac points at
the Brillouin zone corners. Away from the lattice center, the
shift of the Dirac points in the Brillouin-zone is equivalent to
a vector potential,

Aξ = (Aξ
x , Aξ

y ) = h̄

e
(pξ

x − pξ
x0, pξ

y − pξ
y0), (B4)

which results in an effective magnetic field

Bξ = ∂Aξ
y

∂x
− ∂Aξ

x

∂y
= h̄

e

(
∂ pξ

y

∂x
− ∂ pξ

x

∂y

)
. (B5)

Using the definition of v1 and v2 and the constraint p + q +
r = N (for the a sublattice), we obtain,

p = Nu − x

3u
− y√

3u
,

q = Nu − x

3u
+ y√

3u
,

r = N

3
+ 2x

3u
. (B6)

Substituting Eqs. (B2), (B3), and (B6) in Eq. (B5), we obtain

Bξ = −ξ
2h̄

Neu2

1√
1 − 4r2/u2N2

= −ξ
B0√

1 − r2/R2
. (B7)

APPENDIX C: RELATION BETWEEN THE COHERENT
WAVE PACKET IN THE ZEROTH LANDAU LEVEL AND

THE PSEUDO-SPIN COHERENT STATE

The pseudo-spin coherent state denoted by two angles on
the Bloch sphere is

|θ, φ〉 =
N∑

k=0

√
N!

(N − k)!k!
eikφ cosN−k θ

2
sink θ

2
|ψ0,2( j−k)〉.

(C1)
Using Eqs. (C1) and (A5) we can obtain the corresponding
wavefunction ψθ,φ (r). The expectation value of the angular
momentum is determined by the orientation (θ, φ) as 〈Jx〉x̂ +
〈Jy〉ŷ + 〈Jz〉ẑ = j sin θ cos φx̂ + j sin θ sin φŷ + j cos θ ẑ. Ac-
cording to Eqs. (D3a) and (D3b), the corresponding expecta-
tion value of the position in the Fock-state lattice is obtained

FIG. 5. The pseudo-spin coherent state |θ, φ〉 on the Bloch
sphere with the total angular momentum j = N/2. The equator is
the in-circle of the Fock-state lattice with a radius R = uN/2.

as (see Fig. 5),

〈X 〉x̂ + 〈Y 〉ŷ = u〈Jx〉x̂ + u〈Jy〉ŷ
= ju sin θ cos φx̂ + sin θ sin φŷ

= R sin θ cos φx̂ + R sin θ sin φŷ. (C2)

APPENDIX D: THE GUIDING CENTER, MECHANICAL
MOMENTUM, AND THEIR COMMUTATION RELATIONS

The position operators of the lattice are defined as

x → u(2c†
3c3 − c†

1c1 − c†
2c2)/2,

y → u(c†
2c2 − c†

1c1)
√

3/2.
(D1)

The guiding-center coordinates are defined by

X = x − 1

eBξ
Py, Y = y + 1

eBξ
Px, (D2)

where X,Y are the guiding center operators. The posi-
tion operators are rewritten in d modes by applying the
transformation (c†

1, c†
2, c†

3)T = U −1(d†
0 , d†

+, d†
−)T ,

x → u

2
(d†

+d− + d†
−d+) + u

2
[d†

0 (d+ + d−) + (d†
+ + d†

−)d0)]

→ X + 1

eBξ
Py, (D3a)

y → ui

2
(d†

−d+ − d†
+d−) + ui

2
[d†

0 (d− − d+) + (d†
+ − d†

−)d0)]

→ Y − 1

eBξ
Px, (D3b)

where X → uJx,Y → uJy are the coordinates of the guiding
center and Bξ is the magnetic field. Since the Hamiltonian
only contains d0 and d†

0 operators, the coordinates of the
guiding center is obtained by dropping these operators in x
and y. The commutation relation is

[X,Y ] → iu2Jz. (D4)

The covariant momentum operators are the terms including
d0 and d†

0 ,

Px → eBξ u

2
i[d†

0 (d+ − d−) − (d†
+ − d†

−)d0],

Py → eBξ u

2
[d†

0 (d+ + d−) + (d†
+ + d†

−)d0]. (D5)

035410-6



UNIFICATION OF VALLEY AND ANOMALOUS HALL … PHYSICAL REVIEW B 104, 035410 (2021)

The commutation relation between Px and Py is

[Px, Py] → −i(ueBξ )2Jz. (D6)

We also have

[X, Px] = −[Y, Py] → ieBξ u2

4
[d0(d†

+ − d†
−) + d†

0 (d+ − d−)].

(D7)
When the electric field is small and there is only intraband
dynamics, we can regard [X, Px] = −[Y, Py] ≈ 0.
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