2 CHAPTER 1. VECTOR ANALYSIS

Xy

AxB=| -1 2
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This has the right direction, but the wrong magnitude. To make a unit vector out of it, simply divide by its

length:

[an iy 1

[AXB|=v36+9+4="7. ﬁ:‘iigl;— S+ 3y + 23|
Problem 1.5
X y Z
Ax(BxC) = A, A, A,
(ByC. — B.Cy) (B.Cs-B:C;) (B:Cy- ByC:)

= X[Ay(B:Cy — ByC;) — A;(B.C; — B;C)] + ¥() + ()
(I'll just check the x-component; the others go the same way.)
=%x(AyB,Cy — A,B,C, — A,B.C, + A,B,C.) + () + ().
B(A-C) = C(A:B) = [B;(A:C: + AyCy + A,C;) — C;(A;B, + AyBy, + A,B)|x+ )y + (2
= %(AyB.:Cy + A, B,C, — AyB,Cy — A.B.C.) + §() + (). They agree.

Problem 1.6

Ax(BxC)+Bx(CxA)+Cx(AxB) =B(A-C)-C(A-B)+C(A-B)-A(C-B)+A(B-C)-B(C-A) = 0.
So: AX(BXC) — (AXxB)XC = -Bx(CxA) = A(B-C) — C(A:B).
If this is zero, then either A is parallel to C (including the case in which they point in opposite directions, or
one is zero), or else B-C = B-A = 0, in which case B is perpendicular to A and C (including the case B = 0).

Conclusion: |A><(BXC) = (AXB)XxC <= either A is parallel to C, or B is perpendicular to A and C.l
Problem 1.7

2=(4X+6y+82) - (2% +89y+T72)=|2x-2y+ Z
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Problem 1.8

(a) A, B, +A B, = (cos¢Ay + sin pA,)(cos ¢ B, +51n¢B )+ (- 51n¢A + cos A )(—sin B, + cos ¢B.)
= cos? ¢A, B, + sinpcos$(Ay B, + A, B,) + sin® A, B, + sin® ¢4, B, —singcosd(Ay B, + A.By) +
cos? qu B,
= (cos? ¢ + sin® ¢) Ay By + (sin® ¢ + cos? )4, B, = AyBy + A.B,. ¥

(b) (Az)? + (4y)? + (4.)? = BL, AiA; = T, (B3, Rij4;) (T} R Ax) = ;. (SiRijRir) A; Ax.

. : L= ifo sk
2 2 2 3 99 -
This equals AZ + Ay + A; provided | X;_, Rij Ry = { D if Gtk }
Moreover, if R is to preserve lengths for all vectors A, then this condition is not only sufficient but also
necessary. For suppose A = (1,0,0). Then X, (X; RijRix) Aj Ax = X; Riy Ri1, and this must equal 1 (since we
want Xi+fc[§+]f = 1), Likewise, £3_, RisRis = E}_; RisRi3 = 1. To check the case j # k, choose A = (1,1,0).
Then we want 2 = X; i (X; RijRix) AjAx = I; Ra Rt + Z; RioRi2 + Z; Ri Ria + Z; RiaRi1. But we already
know that the first two sums are bot.h 1; the third and fourth are eq'ual so &; R R,g =3¥; RisR;; =0, and so
on for other unequal combinations of 7, k v In matrix notation: RR = 1, where R is the transpose of R.




Problem 1.9
L , Looking down the axis: /L

A 120° rotation carries the z axis into the y (= Z) axis, y into z (= ¥), and z into z (= ). So A=l
A=Ay Ag= Ay

0 01
R="1T"0""0
J: 1. 0

Problem 1.10

(a') (Z’: = Az, z.'-r = A‘y! _’Ei.z = 4:)
(b) in the sense (Zz = —A;, Zy = -4, A, =-A4,)

(c) (AxB) — (—A)Xx(—B) = (AxB). That is, if C = AXB, . No minus sign, in contrast to
behavior of an “ordinary” vector, as given by (b). If A and B are pseudovectors, then (AxB) — (A)x(B) =
(AXB). So the cross-product of two pseudovectors is again a pseudovector. In the cross-product of a vector
and a pseudovector, one changes sign, the other doesn’t, and therefore the cross-product is itself a vector.
Angular momentum (L = rXp) and torque (N = rxF) are pseudovectors.

(d) A-(BXC) — (=A):((~B)x(~C)) = —A«(BxC). So, if a = A-(BXC), then a pseudoscalar

changes sign under inversion of coordinates.
Problem 1.11

(Q)Vf=2z%+3y*y +42%2

(b)V f = 2zy®24 % + 32%y%21 § + 42?323 3

(c)Vf =esinylnzk +e®cosylnzy + e*siny(1/z) 2

Problem 1.12

(a) Vh = 10[(2y — 6z — 18) %X + (2z — 8y + 28) §]. Vh = 0 at summit, so
2y —6z—18=0 = -
2z — 8y + 28 = 0 = 6z — 24y +84 =0 }29‘18 gR L,
Wy=66—y=3=2z-24+28=0=z=-2.

Top is | 3 miles north, 2 miles west, of South Hadley. |

(b) Putting in ¢ = =2,y = 3:
h=10(~12 — 12 — 36 + 36 + 84 + 12) = [720 f.
(c) Puttinginz =1,y = 1: VA =10[(2—6 — 18) X + (2 — 8 + 28) §] = 10( (—22%+229) =220(— %+ §).

|Vh| = 220v/2 ~ [ 311 ft/mile ; direction:




