PHYS 100B (Prof. Congjun Wu)
Solution to HW 3

January 10, 2011

Problem 1 (Griffiths 5.24)

If B is uniform, show that A(r) = —1(r x B) works. That is, check that V-A = 0 and V x A = B. Is this
result unique, or are there other functions with the same divergence and curl?

Solution: Since B is uniform, Vx B =0,(r-V)B=0. And Vxr =0,V -r = 3, we have

1 1
V-A = —iv(pr):—§(B~(er)—r~(VxB)):O
1 1
VxA = —§V><(r><B):—i(r(V~B)+(B~V)r7B(V-r)—(r~V)B)
1
= —5(0+B-3B-0)=B.
Take
A=A+ Vo,
=
V-A' = V-A+Vp,
VxA = VxA.

So we need ¢ to be linear in z, y and z so that V¢ = (83 + 55 + 8?) ¢ = 0. For example, take ¢ = 2y, Vo = ye,+rey,
V2o =0.

Problem 2 (Griffiths 5.29)

Use the results of Ex. 5.11 to find the field inside a uniformly charged sphere of total charge @ and radius R,
which is rotating at a constant angular velocity w.

Solution: In Ex. 5.11, we found the vector potential inside a uniformed charged shell with radius R’ as Eq. 5.67,

toltwo 1 in 0B, (r<R)
Mﬁz sin ¢, (r>R)

A(r,&go):{

Here, a uniformly charged sphere can be thought as layers of spheres, larger one containing smaller ones inside. The
field inside a uniformly charged sphere can be found by integration over R,

R r
~ 1 ~
A(ro,p) = “0;’"’ rsin 0 / R'dR' + “0;”) 5 sin6d / R“4dR
T 0
~1 1 ~1
= ,uogdl)r sin 9(;55 (R2 — r2) + Mo;ﬂﬁ sin 9(;557“5
1 1 -
= MO;pr sin 0 (3R2 - 57"2> 0.
In 3D spherical coordinates, the metric is
h 0 O 1 0 0
n= 0 he O = 0 r 0 ,
0 0 hy 0 0 rsinf



B(r,0,p) = VxA(r0,¢)

1 |9 d .1 J]0 ) ~ 1 [0 o
= heh, [%(Awhw)—&p(/lehe)]r hoh, [8 (Ayhy) — o (Ash )}0—&- [80 (A.h,) — o (Aghe)| &
1 0 . . 9 ) .
= smo [ae (Aw’“sme)] B e {‘ar <Aw‘5m9>} 0

_/JOWQ 1 12 12 3.2A1_8122 14’\
B T%WR3 Lin@ (R — ) s 91'_;511197 gRr —gr 0

w 37r2\ | . 6 12\ A
= /ifﬂ_}? {cos@ <1 — 5R2) f—siné (1 - 5R2> 0] .

Problem 3 (Griffiths 5.30)

(a) Complete the proof of Theorem 2, Sect. 1.6.2. That is, show that any divergenceless vector field F can be
written as the curl of a vector potential A. What you have to do is find 4., A, and A, such that: (i) 0A,/0y —
0A,/0z = Fy; (il) 0A,/0z — 0A,/0x = Fy; and (iii) 0A4,/0x — A, /0y = F,. Here’s one way to do it: Pick A, =0,
and solve (ii) and (iii) for A, and A,. Note that the ”constants of integration” here are themselves functions of y

and z—they’re constant only with respect to z. Now plug these expressions into (i), and use the fact that V- F =0
to obtain

T y T
Ay = / F, (2 y,2)da’; A, = / F,(0,y,2)dy f/ F, (2',y,2)d'.
0 0 0
Solution: Pick A, =0,

—0A,/0x = Fy:>Az:—/ F, (', y,2)dx’ + Cy (y, 2),
0

oA, 0n = FomAy= [ P\ p2)de +Caly.2).
0

Now plug these expressions into (i),

(fy[—/osz(x’,y, z)da’ + Cy (y, )} 88 [/ F. (¢',y,2) da’ + C2 (y, 2) | = Fu,

vro 0
_/O <8yFy(az,y7z)+ (@', y, 2 )d:v +f01 (Y,2) = 5-C2(y,2) = Fa,

and use the fact that V.- F =0 =
0 0
/ 8 J} »Ys )dml—i_aiycl (yaz)_acé(y)'z):an

0 0
87y01 (y7 Z) - &OQ (yv Z) =F, (072/7 Z) .

Take Cs (y,2) =0,

Ay

I
o\
< 8
3
—
=
<

Cl (y,Z) = / Fm (an/az) dyl7
0

A, = —/. Fy(aj/,y,z)da?/—l—Cl(y,z)
0

x Yy
_ / F, (2 y,2)ds" + / F. (0,9, 2)dy'.
0 0



(b) By direct differentiation, check that the A you obtained in part (a) satisfies V. x A = F. Is A divergenceless?
[This was a very asymmetrical construction, and it would be surprising if it were—although we know that there
exists a vector whose curl is F and whose divergence is zero.|

Solution:
VxA
i j k
_ 92 9 9
- ox - oy z Oz
0 [y F(2\y,2)da’ — [ F, (2 y,2)da’ + [} Fy (0,9, 2)dy’
—i(/o(;9 y ('Y, 2 dx+—/ Oyzdyf/a ,y,)')
.0 v -
=iz (= F @ y2)dd'+ [ F.(0,y,2)dy kf (@',y,2
ox 0 0
= i _/m QF (2’ yz)—}—gF (2',y,2) | d’ + F, (0,y, 2)
o 81} Y v I 9z z v z \Y I
4—'E /mF (2, y,z)dx’ +k2/xF (2',y, z)da’
']81: . y 'Y, O o z 'Y,
- i maF(m y,2)dz’ + F, (0,9, 2) +j2 /xF(m'yz)dx' +k2/IF(x’yz)d:E’
0 61‘ 9 x IR 61‘ 0 Yy s Yo ax o z s Yo
= iF; (z,y,2) +jFy (z,y,2) + kF. (z,y,2) = F
V-A
/zg (« dx—/ (2 )dm’—i—/ygF 0,9y, 2)dy’
; 8y , Y, 2 Y, % o 9z z\U, Y, Y
# 0,
in general.
(c) As an example, let F = y% 4 2§ + 22. Calculate A, and confirm that V x A = F. (For further discussion see
Prob. 5.51.)

Solution: Let F = yX + zy + xZ,

xr xr 1
A, = / F, (2, y,2)da’ = / 'dr’ = =22,
0 0 2

A, = —/ zdx' —|—/ y'dy = —xz + =y
0 0 2

1 1
A = §ac2§r + (2y — xz) z,
0 d . . 0 .
= yYyX+ 2y + 22

Problem 4 (Griffiths 5.36)
Find the magnetic dipole moment of the spinning spherical shell in Ex. 5.11. Show that for points r > R the
potential is that of a perfect dipole.

Solution:
m = /dm:/IdA /—dA / 0 QrRS0) R g ing)?

w

= ZJR4W7T/ sin 9d9— 3 UR4wz
0



For points > R the potential is

Rwo 1 -
A(r,0,¢) lrsr = 7 5 sin 0.
pom x & pgdr oRYw . woR>wo 1 ~
Adip:ﬂ 7‘2 :E? 7"2 Z><I‘—TﬁSIHG¢—A(T,9,¢)|r>R.



