Quantum Mechanics 2025 HWG6

Due 10/28 in Class
October 21, 2025

Problem 1. Current, gauge transformation

Consider the Schrodinger equation of a charged particle in the electromagnetic fields.
According to EM, B=V x A E = —-V¢ — %%A.
1)

Zh% (I‘,t) = (_#(P - %A)Q + ¢(r7t)) 17/1(1‘, t)v (1)

where P = —ihV. Define the probability density p(r,t) = ¢'(r,t)y(r,t). In order
to have the probability conservation, i.e., %p + V -j = 0, how should we define the
probability current j(r,¢)?

2) Consider under the gauge transformation,

A'(r;t) = Al(r,t) +Vf(r,t)
¢/(I',t) = ¢(I‘,t)—%% (I’,t), (2)

Please show that B and E are invariant.
3) Define ¢'(r,t) = e*™e)(r,t). Please figure out how to chose ¢(r,t), such that
Y'(r,t) satisfies the Schrodinger equation under A’, ¢/,

2y (r,8) = (=52 (P — 4A")2 + ¢/(x, 1)) ¢/ (x, 1). (3)

4) Prove that p(r,t) and j(r,t) you obtained in 1) are invariant under the gauge
transformation defined in 2).



Problem 2. Landau gauge

In the Landau gauge for a uniform magnetic field A, = By, and A, = 0. Consider
a special case that the impurity potential Vj,,,(y) only depends on y, such that the
Hamiltonian is

O
H=-"—"5"0 4 2 V(y), (4)

1) By plugging in ¢(z,y) = %eik”qﬁkz (y), reduce the problem into a 1D problem

in the y-direction with the following k,-dependent Hamiltonian H,(k,).

Hy(ks)On e, (y) = En(ks)Pn . (y) (5)

— OEn

2) You may use the Hellman-Feynman theorem to show chat I.(n, k) = =5
3) Prove that the Hall conductance is quantized o,, = %-v, where v is the integer

filling number. Why o,, is insensitive to the concrete form of V;,,,(v).

Problem 3. Spherical coordinates

The transformation between the spherical coordinate and the Cartesian coordinates
are x = rsinf cosyp, y = rsinfsiny, z = rcosb.

1) Please fined the expression of gradient for a scalar function f(r,0,¢) in terms of
the spherical coordinates

V=gl +eoriil + eorgag (6)

2) Please find the expression for the divergence of a vector field V. = é,V, + éyVjy +
e,V in terms of the spherical coordinates.

V-V = 5207,) + g g (Vsing) + 5 (M)

3) Please find the expression of the curl of a vector field V = ¢,V 4+ é,Vy + é,V,, in
terms of the spherical coordinates

VX V=i (HEm0V) - G2) + % (aa s - s 0Ve) + 5 (0% - 55) . ®)

rsin 6 Op r

4) Please find the expression of V2f in terms of the spherical coordinates.



Problem 4. Angular momentum operators
1) Prove that in the spherical coordinates,

l, = —ih(—singd — cot b cos ¢8%)
l, = —ih(cos qﬁ% — cot # sin qb%)
. = —ihgy. (9)

2) Define Iy = I, + il,, and I_ = I, — il,. Prove that > = {2 + (I4{_ +[_1;), and

. 2
12 = _p? (Shlle% sin 9% + _SirilQ@aa?) (10)

3) Prove that [ = r?p? — (r - p)? + thA(r - p). Based on this relation prove that

_%VQ — _n210% ., P (11)

2m r Or? 2mr2*

Problem 5. Associated Legendre Polynomials Pl|m|
Set cos € = z, consider the following equation

{0 =D EPME)} + {8 - 25 PUi(z) =0 (12)

|m|
To remove the singular point at z = +1, define P(z) = (1 — 22) 2 G(z).
1) Prove that the differential equation changes to

(1= 2%)G" = 2(Im| +1)2G" + {8 — |m|(|m| + 1)} G = 0. (13)
2) Plug in G = )", ° ,a,2" in the above equation. Derive the recursion formula

(vt[m]) (v+|m[+1) =
W+1)(v+2)

a,. (14)

Ay42 =

3) Show that when g =[(l + 1), we arrive at polynomial solutions.



Problem 6. Generation function of Legendre Polynomials

Define the generation function of Legendre polynomials 7'(t,z) = > =) Pi(2)t' =
1

V1-2tz+t2"
1) Calculate Z-, and then prove that (1—2zt+¢%) >, [Pt = (2 —t) 3, Bit'. Prove
that
I+ 1)Pyi(z) — 2L+ 1)2P(2) + IP_1(2) = 0. (15)

2) Calculate 2L. Prove that
LR ()~ 22 (=) + P (2) = Ri(2). (16)
3) Prove that

2L P(z) = LP_1(2) = IB(2).
LP(z)—2LP(z) = (I+1)PR(2) (17)

4) Prove that
{0 =2 ERE} +I+ DR(E) =0, (18)

5) Prove that if [ # U/,

+1
/ Pu(2)P(z) = 0. (19)

1

(Hint: Multiply Py(z) to the equation in 1).)
6) Based on the results in 1), prove that

| aeer = [ eraer (20)
And finally

+1
[ asr)? = 1)

1



Problem 7. Associated Legendre Polynomials
Define the Associated Legendre polynomial

PIM() = (U= )" Pz).

1) Prove that P™!(2) satisfies

2

L{a=2ALpM e+ i+ ) - 25 Rz =0

2) Prove that if [ # I,

+1
[ ACEECR

1

(Hint: Multiply Pl|/m|(z) to the equation in 1).)
3) Prove that

[ @R = = )l 1) [P

1 -1

such that

+1
Iml N2 2 (+m])!
/_1 dz(F"(2))” = 2+1 (I—|m|)!"

(Hint: You can use the definition of Pllm| and also the equation in 1)
4) Prove that

m I+|m m I—=|m m
2P (2) = SELR () + SRERI)

(22)

(23)

(24)

(25)

(26)



Problem 8. Laguerre polynomials
1) Consider the differential equation

"+ 2(0+1) =& —rd"+(A=1—-1u=0 (28)

Expand the expression of u as

u(§) = Za,,é”. (29)

Plug it into the above equation and find the recursion relation between a,,, and a,.
Set ap = 1, please find the expression of u(¢).

2) Please show that in the general case u(§) ~ e* as £ — +oo. Please find that
under what condition u can be truncated as a polynomial.

3) Define the generation function

+o0o

U u) =Y Lnllym = ﬁe_li_uu. (30)
m=0

Calculate ‘g—g based on the above equation, and prove that
Lin+1(6) + (& = 1= 2m) Ly (&) + £ Lin-1(8) = 0. (31)

Calculate %—lp] based on the above equation, and prove that
Ly, (§) —mLiy, 4(§) +mLm-1(§) = 0. (32)

4) Prove that

L5, (8) + (1 =&)L, (§) +mLim(£) = 0. (33)

5) Define the associated Laguerre polynomials as L? (§) = j—;Lm(f). Prove that

ELG (&) + (s +1 =& L3(E) + (m —s)L;,(§) = 0. (34)



