
Quantum Mechanics 2025 HW6

Due 10/28 in Class

October 21, 2025

Problem 1. Current, gauge transformation
Consider the Schrödinger equation of a charged particle in the electromagnetic fields.

According to EM, B = ∇×A, E = −∇ϕ− 1
c
∂
∂t
A.

1)

iℏ ∂
∂t
ψ(r, t) =

(
− 1

2m
(P− q

c
A)2 + ϕ(r, t)

)
ψ(r, t), (1)

where P = −iℏ∇. Define the probability density ρ(r, t) = ψ†(r, t)ψ(r, t). In order
to have the probability conservation, i.e., ∂

∂t
ρ + ∇ · j = 0, how should we define the

probability current j(r, t)?
2) Consider under the gauge transformation,

A′(r, t) = A′(r, t) +∇f(r, t)
ϕ′(r, t) = ϕ(r, t)− 1

c
∂
∂t
f(r, t), (2)

Please show that B and E are invariant.
3) Define ψ′(r, t) = eiφ(r,t)ψ(r, t). Please figure out how to chose φ(r, t), such that

ψ′(r, t) satisfies the Schrödinger equation under A′, ϕ′,

iℏ ∂
∂t
ψ′(r, t) =

(
− 1

2m
(P− q

c
A′)2 + ϕ′(r, t)

)
ψ′(r, t). (3)

4) Prove that ρ(r, t) and j(r, t) you obtained in 1) are invariant under the gauge
transformation defined in 2).
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Problem 2. Landau gauge
In the Landau gauge for a uniform magnetic field Ax = By, and Ay = 0. Consider

a special case that the impurity potential Vimp(y) only depends on y, such that the
Hamiltonian is

H =
(Px−

q
c
Ax)2

2m
+

P 2
y

2m
+ V (y). (4)

1) By plugging in ψ(x, y) = 1√
Lx
eikxxϕkx(y), reduce the problem into a 1D problem

in the y-direction with the following kx-dependent Hamiltonian Hy(kx).

Hy(kx)ϕn,kx(y) = En(kx)ϕn,kx(y) (5)

2) You may use the Hellman-Feynman theorem to show that Ix(n, kx) =
q
Lx

∂En

ℏ∂k .

3) Prove that the Hall conductance is quantized σxy = q2

h
ν, where ν is the integer

filling number. Why σxy is insensitive to the concrete form of Vimp(y).

Problem 3. Spherical coordinates
The transformation between the spherical coordinate and the Cartesian coordinates

are x = r sin θ cosφ, y = r sin θ sinφ, z = r cos θ.
1) Please fined the expression of gradient for a scalar function f(r, θ, φ) in terms of

the spherical coordinates

∇f = êr
∂
∂r
f + êθ

1
r

∂
∂θ
f + êφ

1
r sin θ

∂
∂φ
f (6)

2) Please find the expression for the divergence of a vector field V = êrVr + êθVθ +
êφVφ in terms of the spherical coordinates.

∇ ·V = 1
r2

∂
∂r
(r2Vr) +

1
r sin θ

∂
∂θ
(Vθ sin θ) +

1
r sin θ

∂Vφ

∂φ
(7)

3) Please find the expression of the curl of a vector field V = êrVr + êθVθ + êφVφ in
terms of the spherical coordinates

∇×V = êr
r sin θ

(
∂
∂θ
(sin θVφ)− ∂Vθ

∂φ

)
+ êθ

r

(
1

sin θ
∂Vr

∂θ
− ∂

∂r
(rVφ)

)
+ êφ

r

(
∂
∂r
(rVθ)− ∂Vr

∂θ

)
. (8)

4) Please find the expression of ∇2f in terms of the spherical coordinates.
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Problem 4. Angular momentum operators
1) Prove that in the spherical coordinates,

lx = −iℏ(− sinϕ ∂
∂θ

− cot θ cosϕ ∂
∂ϕ
)

ly = −iℏ(cosϕ ∂
∂θ

− cot θ sinϕ ∂
∂ϕ
)

lz = −iℏ ∂
∂ϕ
. (9)

2) Define l+ = lx + ily, and l− = lx − ily. Prove that l2 = l2z +
1
2
(l+l− + l−l+), and

l2 = −ℏ2
(

1
sin θ

∂
∂θ

sin θ ∂
∂θ

+ 1
sin2 θ

∂2

∂ϕ2

)
(10)

3) Prove that l2 = r2p2 − (r · p)2 + iℏ(r · p). Based on this relation prove that

− ℏ2
2m

∇2 = − ℏ2
2m

1
r

∂2

∂r2
r + l2

2mr2
. (11)

Problem 5. Associated Legendre Polynomials P
|m|
l

Set cos θ = z, consider the following equation

d
dz

{
(1− z2) d

dz
P |m|(z)

}
+
{
β − m2

1−z2

}
P |m|(z) = 0 (12)

To remove the singular point at z = ±1, define P (z) = (1− z2)
|m|
2 G(z).

1) Prove that the differential equation changes to

(1− z2)G′′ − 2(|m|+ 1)zG′ + {β − |m|(|m|+ 1)}G = 0. (13)

2) Plug in G =
∑∞

n=0 anz
n in the above equation. Derive the recursion formula

aν+2 =
(ν+|m|)(ν+|m|+1)−β

(ν+1)(ν+2)
aν . (14)

3) Show that when β = l(l + 1), we arrive at polynomial solutions.
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Problem 6. Generation function of Legendre Polynomials
Define the generation function of Legendre polynomials T (t, z) =

∑∞
l=0 Pl(z)t

l =
1√

1−2tz+t2
.

1) Calculate ∂T
∂t
, and then prove that (1−2zt+t2)

∑
l lPlt

l−1 = (z−t)
∑

l Plt
l. Prove

that

(l + 1)Pl+1(z)− (2l + 1)zPl(z) + lPl−1(z) = 0. (15)

2) Calculate ∂T
∂z
. Prove that

d
dz
Pl+1(z)− 2z d

dz
Pl(z) +

d
dz
Pl−1(z) = Pl(z). (16)

3) Prove that

z d
dz
Pl(z)− d

dz
Pl−1(z) = lPl(z).

d
dz
Pl+1(z)− z d

dz
Pl(z) = (l + 1)Pl(z) (17)

4) Prove that

d
dz

{
(1− z2) d

dz
Pl(z)

}
+ l(l + 1)Pl(z) = 0. (18)

5) Prove that if l ̸= l′, ∫ +1

−1

Pl′(z)Pl(z) = 0. (19)

(Hint: Multiply Pl′(z) to the equation in 1).)
6) Based on the results in 1), prove that∫ +1

−1

dz(Pl(z))
2 = 2l−1

2l+1

∫ +1

−1

dz(Pl−1(z))
2 (20)

And finally ∫ +1

−1

dz(Pl(z))
2 = 2

2l+1
. (21)
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Problem 7. Associated Legendre Polynomials
Define the Associated Legendre polynomial

P
|m|
l (z) = (1− z2)|m|/2 d|m|

dz|m|Pl(z). (22)

1) Prove that P
|m|
l (z) satisfies

d
dz

{
(1− z2) d

dz
P

|m|
l (z)

}
+
{
l(l + 1)− m2

1−z2

}
P

|m|
l (z) = 0. (23)

2) Prove that if l ̸= l′, ∫ +1

−1

P
|m|
l′ (z)P

|m|
l (z) = 0. (24)

(Hint: Multiply P
|m|
l′ (z) to the equation in 1).)

3) Prove that∫ +1

−1

dz(P
|m|+1
l (z))2 = (l − |m|)(l + |m|+ 1)

∫ +1

−1

dz(P
|m|
l−1(z))

2, (25)

such that ∫ +1

−1

dz(P
|m|
l (z))2 = 2

2l+1
(l+|m|)!
(l−|m|)! . (26)

(Hint: You can use the definition of P
|m|
l and also the equation in 1)

4) Prove that

zP
|m|
l (z) = l+|m|

2l+1
P

|m|
l−1(z) +

l−|m|+1
2l+1

P
|m|
l−1(z) (27)

5



Problem 8. Laguerre polynomials
1) Consider the differential equation

ξu′′ + (2(l + 1)− ξ)− ru′′ + (λ− l − 1)u = 0 (28)

Expand the expression of u as

u(ξ) =
+∞∑
ν=0

aνξ
ν . (29)

Plug it into the above equation and find the recursion relation between aν+1 and aν .
Set a0 = 1, please find the expression of u(ξ).

2) Please show that in the general case u(ξ) ∼ eξ as ξ → +∞. Please find that
under what condition u can be truncated as a polynomial.

3) Define the generation function

U(ξ, u) =
+∞∑
m=0

Lm(ξ)
m!

um = 1
1−u

e
− ξu
1−u . (30)

Calculate ∂U
∂u

based on the above equation, and prove that

Lm+1(ξ) + (ξ − 1− 2m)Lm(ξ) + ξ2Lm−1(ξ) = 0. (31)

Calculate ∂U
∂ρ

based on the above equation, and prove that

L′
m(ξ)−mL′

m−1(ξ) +mLm−1(ξ) = 0. (32)

4) Prove that

ξL′′
m(ξ) + (1− ξ)L′

m(ξ) +mLm(ξ) = 0. (33)

5) Define the associated Laguerre polynomials as Ls
m(ξ) =

ds

dξs
Lm(ξ). Prove that

ξLs,′′
m (ξ) + (s+ 1− ξ)Ls,′

m (ξ) + (m− s)Ls
m(ξ) = 0. (34)
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