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e 1911 Onnes, discovery of Hg
superconductivity at 4.2K

o 1937 Kapitsa, Allen, Misener's discovery
of superfluid *He

e Feynman could not solve it!

e [—
“The story of Feynman’s epic battle - ]
with superconductivity Is a little-known L
chapter In his sclentific career. As it |
turned out, Feynman was the loser in . .
that struggle......." LIy’
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1 A brief history of superconductivity

1. 1911 Onnes’ discovery of superconductivity of Hg &4 2k R: o> ]36\/)_

1933 Meissner-Ochsenfeld effect

1935 London equation

B e N

1937 Kapitsa, Allen, Misener’s discovery of superfluid 1He

1950 Ginzburg-Landau theory

[

1957 Abrikosov’s vortex state
1957 The microscopic theory — BCS

1962 Josephson effect

o o N >

1962 Anderson-Higgs mechanism

10. 1971 3He superfluidity

11. 1986 Bednorz and Mueller’s discovery of high T, superconductivity
12. 2006 Iron-based superconductivity

13. 2010’s Topological superconductivity, Majorana fermion

14, 2010’s Superconductivity of hydrides, H2S, LaH;
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2.3 Upper critical field H

We consider a critical field at which superconductivity is completely suppressed. Such
a field is called H. Later on, we will see that it actually happens when the vortex
cores touch each other. In this case, Hy is at the order of ®y/¢2. Now we start with
GL equation. Since at H., the order parameter nearly is nearly zero, we can neglect
the |¥|* term, and arrive at

he ot . e* : "
fo= =g =0 (= iV - ZA() ¥+ oty (20)

The cyclotron frequency w, = mc, which set up the Landau level gap fuw. The zero
point motion energy is %ﬁwc. Hence, when

pid = Iy 2mr*e ' " om*|a|  e*B
hc/e* (I>0
~ 21

2.4 The GL parameter x: type I and II

Now we can define a dimensionless quantity,

. AL(T)=(£)%m‘c_ A(T)
&) ~ \2n/ he' (T)E(T)
K = \/iHc/\i(T)/(Z—f)=2\/§ H’}I)LO(T), (22)

which is called the Ginzburg-Landau parameter. & plays an important role in deter-
mining type I and II superconductors.

It is easy to check that

S T (23)

We will have the following two situations, denoted as the type (II) and (I) supercon-
ductors, respectively.

1. Typell: If k > %, then H., > H,. When H, > H > H_, we still have supercon-
ducting condensation, since H is not enough to kill ¥ completely. Nevertheless,
it cannot completely expel the magnetic flux either. Otherwise, the Meissener
phase will not be energetically favorable at H > H,. Hence, magnetic flux will
partly enter the bulk, and it is called the mixed state. Later on, we will that it
corresponds to form vortices.

2. Typel: If k < %, then H, > H.. If we lower down the magnetic field, it will first
reach H,, then it becomes the complete Meissner phase, and it will not change
as further lowering the field.
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4 Solution to the gap equation

Let us consider the simplest case that |g(k, k)| = g, i.e., Ak is independent on k, then
Eq. 37 is simplified to

hwp A BE; 1 L | BE;
A = N/ de tanh = 2/ de— tanh —. 42
g:Vo —lwp ZEL 2 gNO 0 Ek 2 ( )

4.1 Gap function at zero temperature

First, consider the zero temperature, then by setting f — +o00 we have

New
= = /MDde—l =‘/—ISD-—O!L=sinh_IM
9o 0 V2 + A2 0 V14 x2 A
hw cadl
A= = th = A~ 2hwpe M1 at gNo < 1. (43)
sinh 5~
4.2 Gap function around 7T,
Around T, A — 0, we have
hwp  tanl Egﬁ 1Bchwp
1 / L :/ P (44)
gNo 0 € 0 T

Since tanhz/z — 1 at small values of z, and — 1/z at large values of z, we can

approximate [J' dz'2ihZ fol de + [ de/z = lna+1at a > 1. A more accurate
estimate shows that

% tanh
/ dz-222 o 1n2.284. (45)
0 T
Hence, we have
1 2
—— = In1.148.fwp = kgT, = 1.14hwpe” 7% (46)
gNo

A more careful analysis shows that the gap function A(T') at T'— T, behaves

A
kpT,

- 3.2(1 = -;‘];) (47)

The sketch of the temperature dependence of the gap function A(7') based on the
BCS theory is presented in Fig 2.

4.3 Universal relation between A and T

T A(T)

8
/e
[ A’Vg-z’&OTc (,— %)

-

Te T



Compare Eq. 43 and Eq. 46, we have the
universal relation for the weak coupling Figure 2: The temperature dependence of
BCS superconductors that the gap function A(T).

A(T = 0)

=~ 1.76.
kT, 6 (48)

This is a famous result of BCS theory, and widely used in literature for judge weak
or strong coupling superconductivity. For strong coupling superconductors, it has
significant deviations: %l ~ 2.3 and 2.6 for Hg and PDb, respectively. Certainly for
high T, superconductors, it can reach much larger values at the order of 10.

5 The isotope effect

1
The superconducting transition temperature T, = 1.14fwpe” M. wp inversely depends

~1
on M; ? due to Newton’s equation, hence, T, x M ~%. Historically, this isotope effect
has been seen in a variety of superconductors such as Hg, Pb, Mg, Sn, TI, etc. It was
the motivation of electron-phonon mechanism for superconductivity.

6 The McMillan formula

So far, we have neglected the retarded nature of the phonon renormalized effective
electron-electron interaction. In fact, such an interaction contains two parts: a screened
Coulomb interaction, and a phonon-intermediated interaction. The overall effect is that
the interaction is repulsive at w > wp and attractive at w < wp. Let us neglect the
angular dependence of g, on k - k’, but only keep their dependence on the radial part
of momentum, which is equivalent to the energy dependence

—g(0,K) = Vo= V(25 (49)

This not a fully treatment to the retarded nature of the frequency dependent phonon-
renormalized interaction. Rather, we approximate the interaction by its value at the
on-shell frequency, but it is still constant of frequency. Then the gap equation close to
T, is reformatted as

A ! é«;ﬁ:
A©=-M [ ¢ (ve- v 55 a0) (50

where A >> hwp is a high energy cut off. Basically, A(€) represents the gap function
from those electrons with energy £ to the Fermi surface.

We denote

tanh ,6_@_

= 51

=—Nof d€'VeA(E)



then A(€) =~ A at |€] > lwp, where Vy;,(w) is already suppressed, and A(€) is nearly
&-independent. Further, we define the average value of A over the region of €| < hwp

is B. Then we have

_ Mop tanh &5—
B = NOVph le B——= +Ax BNQV,,h In — filp + A
—hup 2¢ ksT:
where Vj,;, is the average of Vpn(€ — €) in the low frequency region.
On the other hand,

A Bt
A = —N, / dg’VCA(g')tanh,2
-A 28

hwp A —lwp t hM
- —NOVC(B/ +A +A/ )ag 2
ﬁwD A

e 2%
_ —NOVC(Bln :;"D +A1n%).

Combine the above two equations, we have the following relation

B(l NoVywIn ﬁ“’”) A

kgT.
hw, hwp
A(1+ NoVeln —NoVe.In —=B,
(Lekdgle =) = <N kT,
hence,
. hw Nvm&ﬂ
1= No¥pulnopy = ———— a0
kpT, ek Nchln e
fuwp Ve
1=Nyln Von — g
: @T(M 1+Mmm%J
Hence, we arrive at the famous McMillan formula for T
1
TC =R 4 — e
- e}\p{ NOV,,,L = “'}
where p* reads
* __ Nollc
P T TE NV A

(52)

(53)

(54)

(57)

u* reflect the renormalized Coulomb interaction to the superconductivity. It weakens
the electron-phonon interaction strength from NoVph — NoVph — p*. A few remarks

1. Hence, Coulomb interaction is not sufficient to suppress superconductivity, due

to the renormalized effect in the denominator.

2. The isotope effect is weakened due to the dependence of p* on wp. Enhancing
ion mass lowers the Debye frequency wp, which certainly lowers T,. On the other
hand, the two energy scales of wp and A of phonons and Coulomb interaction
are more separated, then the Coulomb interaction is more strongly renormalized.

Hence p* is weakened which compensates partly the effect of lowering wp.

10
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