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Covaviant  derwative in Riemann, Spacl

Greider . Space. with a coordinate syslom_in which o poi
S

'S veimgum as P: (%', - o), The wodinates ave n'mb,fe,wbwd,i.e
9%/ = 85 | We can use ansther comdinte Systim 3 in whifh
P is vepresentod as (X' X'), The Fin Sets of Coordinales are
velatzol. b i SRR s N
d | Xr= WX, - K), K= A, A .

\Aﬁm@, SF“‘Q we dz:fwué the olerirrative
drt = %1% ol%j , then {dxj} an be Utewed as QConjoum:é
of o ombravwriont vectir, Gmsider a covemiont vector, we Onfidus
the %radm of a Swalawr function

e dm e s 2Dyt 30 9% s 3 s
Pl %)= W) X s 52 A = 2

5 % XN 5 ~

7 q{aii} e el
| - VveKor,

In an offine pac , the covariant and Contra variant Vectir Hosors

st Moni Sl wheve paratlel 'tmnsrﬂt veclors {sd.a.-jl;ud
e e . ;s%axw offine . space, — Mdv'-\’c:fs.mt nagdaol!)

YMQIHC space i In a mobric space., we dﬂfw-.z,'ﬂw metni ¢ Gnsdy
35(7‘""%") % velote Crvoriont and ComBraveriawct vectirg

U; = 3§U‘~5, wd = gy > (35)" = gy

(Yo metric fons is Symmeliic),
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v'= Bt = gV = 3 Uy
> the arc bgth  d§ = S;J-ol%‘:ol'xj .
If Yo mebric 3 is alwoys positive - definite, thon Such a space
(S caltedl Rigmann Space .
Ex: 2D sPlxm d¢ = @de* + @ sind o(?‘ — 2D Riemann spate

® Poralled f@)ransFuri in & Cwrved moni f’("(

The derwratwe o-§ a veckir s 'ﬁ'ﬂpica.uﬂ o(a.fw.ai as

QPA"(X).; Yarn Ax + en)- A wheve A is the wi
€

Vechiv almg e diveckion u-je" X" . However, two vectirs at Hwo
dforect places cannst be compared ﬂﬁirwtlg. For example, at Twro
difforent points, the Tonglnt planes owe differerct | and the tangedt
vecdlies are ot i the Some pane. In ovder + G:mPMe."ﬂ*,’vM,
we heed 2o parallel trasspot K0x) % the posikion of K+ €,

IS [mpossible o be Strictly pamell in the 3D sense.
wise, B will not e inthe tanjent plang . Buck

m\vle % pamM ‘e’“a’lsffﬂi= For CUnA/eMiMCQVJ we use the unit vectons
in the Sphericad covvolimate sas'l'o.m; 'ée, é:f

ond thon ke the CUMTMIS‘uﬂ..

' B: Beé\g'l'B?e?
How 1o wndorstandd PmM:bFWFEF{e [t

Scanned by CamScanner

SRS N



| | | , |

43-69 - Ag'é\‘f’zo '
A
AE:O‘.BOé\o-Pd-B(Pé\?*AQOLé\Q* Atpdecf |
olé\., = - oloé‘.. + o;soolcpér, dé‘fz—s\‘nqdcr& -azsedclve/;

S dB = (- Bodo -Bysno dp)é, + (4 ~ Bpesodd 6o
+(dBg +Ae 56 dP) &g

{ dBe = B‘fme dg — cl(Bo"'chr)" 'L(B°+w1°) Med?
&B¢ = "Be&!.‘@d@

For example, a veclir \-87 porallelly dransport fm A—B
> C-A4, Atwemko:f'@usrwt it (s wtwted at the angleva"-G
— te Solid angle Spannaal 53 the Briangle of A5G . But (Bo.l
are M*:the covrolinates in the Sense vf Vel . 1n ovoler 15 {L(,bw

WA

[

?)

5 A ®
we chonlok vestrict no rotation in the Tangent plane, i-e. odB I/ &,

] A
= — T = ——-'—' =
Yo 2—&39 s , ? 20

R= #n a1y,

Sme

dA = [olA - ginBws O ACP d?] 7 1_ d*"Pw Change

o,
+[dA°P + cote ( Ad9 +4%de) ] _r:f’ K

—

-

‘Uuz, Cmn—d npjg i»a,o\sfzrma:hm g -
Slﬂg e? . b
ik d

5 =
. P/ 3V A
AR = dA° R +dATip + A % do + A (s—gol‘e'f.éictcp)

= O(.Ao '{'dA‘P hf + A s S d‘F T(;) +ACP(%%°L9?T YR
(‘(PYB

|
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Henca, Bhe Pam(lnl tm\spar:t maon g l

dAe — S;ﬂecuse A‘P ClCP AM"" (% +ok¥): AH(X’ .,.T’:)\A)(}AA(X)
dA? = - ate [A%dp + AT % _ ohh o oh
YRR 5"[1/)&

> B e ¢ _ pP _ B
_37 CP‘P—-SW\GCJS@, rq)e— r&cP‘ Cﬂte' L MQSJMMII.—M‘MJFUQ)_

The Tl defined above is called Christiffle symbo(, which

b tomgend vecties , Gongored o Ty (pva= r0.p) forthe sphotenl
1 voriatim of
Crordinate bt firn 3D Jlat space, We prject ovt Yo v Lowctivs
U? -l%, -ﬁf onthe a OuV?d'CM’ On(g MW}L@ ‘(ﬁ»\azni Plnm_,

pwojectadt
This is the w'gin o-:g Curobive .

S

@ Quastion: how Ty Brarsfoms wler covdinite, Gansfoomatiin,
1§ we change. @ Covrdinata, systim

AR (ady'y = ARY) = TUH XA ()
We reguire that i;mlu WPW£ cloes nit Change. the naiiwe‘% a Vel

ARG = 2% ad oy
2% :

Il sl WSS, I FEa F PR

A edy = 228

AR (x ol
- x? \Holx )

)
- M

/A M 9
: A (xedx) = ?J_’&_X Ax) = FL&(’%{_XU At x'y
AN | x4dx ' 9X

= BX'“

A W 1
: (Ao + rlf,l(x) d* ATx) = 22 Ay~ TR dX T AX
X" Ixtdy

In®
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Axh
r V&

I’LLL&)

\xk&x

kn.w? Linoow t'Ne{l\ItO.siM >

A (x) dxc® Axy +

)n.z

o
XA

ok M'r ax'l A'”c )

X

b 4

« I

2X
Xt

|
T

axtax

Axt APcx)

=

y(x) dXC AY ()

P

+

ol xl

Iaxh axt
axtax? ax¥

!
= -T,Vll x') o('x'” Alx (X

dx’u‘ DX}

ax"

e —

M Jxk axt Py — oM xl ax* L r (x)
3 2%'S axV axq_ax,\ 3% 3

dy

/

)

A

T’:\) 1S hot & nsov because the Covvdlingte T&W\s‘fcmn:f%:a)f
X onh X+dx are o’-‘%evemél This Lr&\&s an extyra HAm |

® Christffel S\a,mloo(

For an affine space, we oo not noolk o define. o mtric fim the purpes
g parallel transpod . Hioper, i we wont the Langth i also iuor
d“‘*"g*““ ﬁwfwi. we neeo % dzjﬂeu meliric, 9.,(x). Bases on
G, we con define TH),

prdduct olmg the Cwrve is
| 3/“" (X)) A Vu('xtv)‘ ond. we wart Buis sl

is wariant alwg Xo) during M#}mspwi,

Cnsider Two vecties AR and V' al.wé a auve XY, The Safar

e

[ o

V
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| |

A v A
Tor PamLLnl:traneP«:t, %A-_(‘_‘__‘_FXMF&A Al %ME':-; 0}}{: v

[’3,\3’” 3o‘v P"l“’ ; ﬂo‘p rvA]AM Vv .L'gg =0

> N dw T dew F;f} = 90{\« Ff,\ =0

& Cacf(nuﬂn pormute A pv
MIux = Jex \';ﬂ, *+ 30 l',’\‘r'; =0

ov jAt* "o I Gy =0

‘\?%faz\gf.p + ;P‘ doa + Dvﬂ)\r;] = Jov \"fy - gc,-AP:.). Y VFJ =0

% Scru l"fr il '}i( 9.\3’..0 + Dp\ﬂux = Dvﬁhr]

;J
=24
It

wl—| wl-
Co
q
<
.
Q)
b 4
[N )
S
<
+
Q/
b -4
a D
<
>
L)
<
e
s
[ S—

/
b= 28008 Doy - 30)
= %MS“M ] =39, trdnd = 3 o dndetd

NS ™ iv\-HweS'we»:f. iy
= gpim@ —_ \T—gDU/\I—H

r\mu_ga

LAV =0 > dy, A"V”*sﬁui‘% v"+3,uA*‘£‘_V”
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Now we check the :va\s—fwwtum Lo -r:f Clwis"!vﬂle 33..\,60[

/ /
l;:.\) l SUA( Q,A 3.,)\ o 9033'. a). S/AU)
Lovkat tomwns in the powert Aesis: .
oo (2% oM 2™ 9x™ ]
g/“ 3‘)/\ + 3”32}4- 3/\3"“1 B D"[ axlv axIA 3”‘1'] Dll [ ax’A ax’f*h)'lllb
] Vi
- QA X" X 3 5
[ a,xl,a axu o ]
s G W A LA VE NV Sl L S S W
1Y X Caxd M - ax'F ax"”
(3 XM o 3xM Y9,
Y,
XM Y axd  ay¥ 3yt axt ,'- :
o x| aah FaM )9
( a.xwaxu\ atx’f" a»x‘)‘ ax"’ax"‘ ’\'.Hl
2 v 2.,V
(I
axtdaxt 9x" ax't axroxv’ -
CooxM o 3, 929{@
k the last 3L - ox , F==
e 22* [ ax'*‘ ax" o ;)x"’ o't @
+ g, %— D
Y ‘-ax'“ x> Q ,x,,\;xu- Lo
My 3’)@
% ; k. }o
2 y
_ xM a’x‘
= ij-l, a'x‘z a‘x’Hax“}
T < Ling, : Yy A M [l
oot b 2 20 98 (30,420t~ )
B el gor - X7 23N> gaa |
d = o 0 _3;(—;‘! = Combine woith 'béwfirff
! J)
#m » axl’ PX ' _2&—- Salal [D}h SVIA|+ ayl 33|P|_ QA| jP'Ul]

B ax'" ax'F
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The other Fosv‘i //"_\

A 2V
17 ax's ax? QU1 . 29 X! x|
/Q 2x axaz < VAL ‘a.x"l ax.rl gxrl’
5
= T FAO
3x& ot
oy x'C  FxA
_) .PlO‘ — BX 39(.‘ B'X O-Iu + a
TR T Toxn oxv oy B ax* ax'¥ %"
w_lmtagmmwuﬁm basesl om PMMMWPM
r'ooooaxe X g g 9% oxt ax?
pv Sx axY ax'P v e T s > x'V

In -fwc. the fnk,ma,%m-ﬁwms are the soame .

IxXe _Ix” 2. 994"’ ;'x%‘S,_ | _ﬁ ‘ 37@
ox? axmax - ?x"‘ axr ' a'x
3 go o 3 [ax"’}a'X" ax Laxd
= — v = = = Yy
1h y -2 9x
X \é 'xH 2X X
¥ 3% 2 = ?owt-ui olerivative

x> ax™ 9
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ﬂ ((N\M m\( (‘crum Qwé“
fw a S‘CJM-, s derivative ﬁomfmg as a vetlim (n C.mabmiir
'&’M\S:Ywm&:f\'w.

b = P = Ppx) ;

rd — 2P = %2‘; w o dex)

¢ — o= 'k D'”c’)(x)_
X VY

Huweum O.S‘im\ﬂe derivatve pn vectiv does net Luu"r"&,

Moy = ARy = 2% pv(x)
XY

!
2 A > AN = 3 5 (2R e )
2% X’

- ’99( 'c)'X o/
ax'l’r ‘a Va,\A (' ) + ax. 3 'XH AV(x)
X7 Ixr oY

S 1 and torm sPolts the '—Qram:fwna.twn of%,@m.’ which i3
Sim;ﬁarla 4+ the case "f r‘l;a. R ber

1 ®

- FP s ax™ axi\ RO
axmaxm !¢ \‘avx';\ 9?(

x 3 | o ).
! ' A Ir) f X1 | X!
T, ACY) > rHCX) Ly g Ly Pf'qmé 2= 2 =
ot X ax* T ax% ax™ 3x'9 Ix
5
A I ooty AD "M 2
TE A = I"J,‘A(’X)A ) = 9'x ;z( ro{:;\mA )
ot

‘M ai k
WX koo - _,._.-D’X HCLSINAN
o~ X XTI ax'¢
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- (®  Covariomt derurative o Cuvwr-c.aad:cw\j)m.w&o;@u-gcty\g

|t oa T A @
e clnffm-ﬂ |\ ™

Ve
B— Aoy = . A0 + F?A (x) AACXU

“then t ! P 0 M
’ s Afex) = 2% 39X Ds Ay
ax'c axM !
M
K (_-,(4':1‘!)

_ A
Recall the Pmdu imnsrmé Allreds)
. " \ I % x+dx
AT (x+dx) = AM(x) - [acd T A )

H
A (x+dx) — ATIP(HO(X) = A“(x-rolx)—A"m + T{:ACX) AA(X) dx @
| Do A"(x) 4"

(304" + Th o Ao ] dx®

l‘Fwﬂ\e wveriand amprent  Au(x), we also want ks F’"’u"lg-

"eFaAsParfb.o( Q}u.ni'uf)aw:é A";_((x-ko(.x), ‘bﬂn&fwmf Che o veclir ot X+el X
s Ay (x+ox') = 2%

: A" (x+dx)
9X’“\x-tolx 2

we. d.p?wz : . ' .3
A*H(,x +dx) = A-(x) + P»_:\dva)\Lx)
o C VR
Ds Apt) dX7= A x+dx) - AF (x+olx)

= Aplxtdx) - Auty) - Pj‘[\ dx< Ay

Simidlarsy

% EAP' = % An - A, HDGAF: BUAP-gGPrFAT‘ARK
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\ﬁP,rl—-tta:(:im - ] ' A ’
X
D'u- A't" (xf) - })‘; /'\',u (X') - 7'13,4 (,xl) A,A (7[ ) —5;@'4)"(”)

o; M o; ' A \
= %7 ;)m( 'x' Ap 0] - {'ax(Dax'ax“' r 'yt X I }
T XA ax'T gyt T 9™ gy ok

= X7 2 X“’ \
a)("" a ( gu AF'( ) - rom A;‘OC)]

& B’X‘i' CR A X% XM _?_31%7" Ar,0)

AUT s gxP oxd H axM axeaxt

—

2,,M ¥ /)\
My 2o M ?X 9%
o IX ot 9% = -
8 a a,x'u'l. ax"‘ AH' 8 Ay ai'ﬂ' ax"‘ A?h_ L’&X""QX'H 37( ‘)%

=0

axlo' X h

5 {D A (') = 'BJU 'i)_x_“' Da'.AH'(x)J

we cowm okso %W@UE(’. +he ob.fmiwn v:ji Covortant  doriarative
& tinsor s ™)

1 v Mo i+ Ma Foes feg A flets f"\
DO'TtV'PUm = aUT}‘ * .Z r T Vyeo Um

M-
- ‘Z_‘l ("VK TV. VHK Vi *VUm

DT, = P, TR

_Pl"vhﬂ

Lﬂi‘f)h'\z- Y‘w‘.ﬂ. D (.A“Bv):’ QU(AMBU ) " FUBAA/\BV + T’;)‘ AHBA
& (DUA“+I}'1)B" + AH(D"BV*T, "B )

2 D, (A*BY) = (DA")B” + A“(DwB”)
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let us amsider the covomtanct dlevivative on ‘the metric Tansoy

A,dx) = 3'“,,(7() A (x)

DO' A’-l = Dc(ﬁlw ) Au “p ﬂ/“, Dd' AV
D ® ®
Sing @ anel ® stwm-ﬁusme,we, enfer)t @=0

D jfw = chpv - Pc-)‘p iy * ra'):\J ajw)x =0 DUﬁ/‘U:O

Consislint with the pravrivus results om C‘m’sﬁﬁ‘{e SJm-balS.

Simil.wrlg , we also erpect D, 9" = ﬂ which (s also the case.
’ ! : . '

sl —

gk “dos = 8% (s a amstand Scalon
O (4P 3{)” _ g4 D, 3pu Dy 9" j?” = Dy g™ Joy =0
Sinca G, 15 arbiton, D3k = o,
> P+ LI+ T =0,
Simidaly | DAGM = DY, = 0. Heace, the covariant
derinratives Oﬂf the malri¢, Lonsor 1S Zero. This s calles
the mebric cmw})a:bibi/idﬁ Conalitm.,

Wekric oeforiming pamn.ub( i‘rustt in Such a “’a‘é Ahat
H:sd;f 18 imvariant wnoler Fwallml W,
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